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Abstract

Consider a graph G = (V(G), E(G)), where V(G) is a nonempty set of vertices and F(G) is a
set of edges. Let Z,, be the group of integers modulo n, and let £ be a positive integer. A modular
irregular labeling of a graph G of order n is a k-edge labeling ¢ : E(G) — {1,2,...,k}, such
that an induced weight function wt, : V(G) — Z, is bijective. The weight function is defined
as follows: wty(u) = >°,cn(,) ?(uv) (mod n) for all vertices v in V(G). The minimum value
of k is called the modular irregularity strength of G, denoted as ms(G). Suppose G and H are
two connected graphs, with GG has order n. Vertex amalgamation of graphs G and H is a graph
obtained by identifying one vertex from each graph. Suppose that o is a given vertex of H. The
comb product of G > H is the graph obtained by taking one copy of GG and n copies of H and then
attaching the vertex o of the i-th copy of H to the ¢-th vertex of G. In this paper, we discuss on the
exact values of the modular irregularity strength for several graphs such as: vertex amalgamation
of cycles; comb product path (or cycle) and cycle and comb product path (or cycle) and regular
graphs.
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1. Introduction

Given graph G denoted by G = (V(G), E(G)) where V(G) is a non-empty set of vertices and
E(G) is a set of edges. The degree of a vertex v, indicated by deg(v), is the number of edges
incident to v. The maximum degree of all vertices G is denoted by A(G). A graph is said to be
regular if every vertex in the graph has the same degree, and is said to be irregular if all vertices
have distinct degree. Two vertices u, v € V(@) are said to be adjacent if they are connected by an
edge in G [8].

Irregular labeling was first introduced by Chartrand et al. in [6]. An irregular labeling is k-edge
labeling v : E(G) — {1,2,...,k} such that the sum of the labels of the edges incident to a vertex
is distinct for all vertices, henceforth called the vertex weight. The weight function of vertex u
is defined as wia(u) = >, ¢y, @(uv), where N(v) is the set of all vertices u adjacent to v. An
interesting discussion on this kind of labeling can be found in [1, 3, 4, 18]. The minimum number
k for which an irregular labeling exist in G is called the irregularity strength, denoted by s(G). A
survey on irregularity strength can be found in [1] and a general survey on graph labeling can be
found in [9]. Given a connected graph G of order n > 3 containing n; vertices of degree i, the
lower bound of the irregularity strength of the graph G is expressed as follows.

Lemma 1.1. [6] Let G be a connected graph of order n > 3 and let G have n; vertices of degree

3. Then,
iti—1
s(G) > max {L}
1<i<A(G) i

In 2020, Baca et al. introduced a variation of irregular labeling called modular irregular label-
ing [2]. Given a graph G of order n and the group of integers modulo n, Z,,, a modular irregular
labeling of G is a k-edge labeling ¢ : E(G) — {1,2,...,k} such that there is a bijective weight
function ® : V(G) — Z,. The modular weight of a vertex u € V(G) is defined as wty(u) =
> uen(w) (uv) (mod n). The modular irregularity strength, denoted by ms(), is the minimum
number £ for which the graph G has a modular irregular labeling. Interesting results on this kind
of labeling can be found in the following works:[2, 3, 4, 16, 18, 7, 12, 13, 15, 10, 14, 5, 17, 11].
Some known theorems on modular irregular labeling are as follows.

Theorem 1.1. .[2] Let G be a graph without components of order < 2. Then,

s(G) < ms(Q).

Theorem 1.2. ./2] If G is a graph of order n, n = 2 (mod 4), then G does not have modular
irregular k-labeling, i.e., ms(G) = oc.
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Suppose GG and H are two connected graphs and G has order n. The vertex amalgamation of
graphs GG and H is a graph obtained by identifying one vertex from each graph. Let o be a given
vertex of H. The comb product of G > H is the graph obtained by taking one copy of G and n
copies of H and then attaching the vertex o of the i-th copy of H to the i-th vertex of GG. By the
definition of the comb product, the vertex setis V(G > H) = {(a,u)|a € V(G),u € V(H)}. Two
vertices (a, u)(b, v) are adjacent if either of the following condition holds: a« = b and wv € E(H),
or when ab € E(G) and v = v = o. In this paper, we discuss the exact values of the modular
irregularity strength for the vertex amalgamation of cycles and the comb product of path and cycle
related graphs.

2. Result

2.1. Vertex Amalgamation Product of Cycles

An example of vertex amalgamation product of cycles is called a Dutch Windmill graph. The
Dutch windmill graph DZ*, often called a friendship graph, is the graph obtained by taking m
copies of ('3 and identifying one common vertex. This definition can be extended to D}, which is
composed of m copies of graph C} joined at a single common vertex[19].

Theorem 2.1. Let D}" be a dutch windmill graph with m > 2. Then,

00, m=3 (mod 4),
ms(D}") = [3771 +1

—‘ , otherwise.

and

S(D) = Pm;— 1} ‘

Proof. Let D} be a dutch windmill graph with m > 2. The graph D}" has 3m vertices of degree
two and one vertex with degree 2m. Using Lemma 1.1, we have

i — 1 3m —1 1-1 3 1
s(G) > max Pi 2 i1l > max m + 1, +1; > m .
1<i<A(G) 1 < 2m 2

Thus, ms(Dy*) > s(Dy*) > [22H] .

Let the order of graph D} be 3m + 1 with m = 3 (mod 4). Then, we can write m = 4k + 3,
fork =0,1,2,.... Substituting this into the order, we have 3m+1 = 3(4k+3)+1 =2 (mod 4).
According to Theorem 1.2, if the order is » = 1 (mod 4), the graph has the modular irregularity
strength ms(D}") = oc.

We denote the center(common) vertex as c, the vertices in the i-th cycle as x;, y; and z;, usually
following a clockwise direction, forz = 1,2,...,m.

Suppose that m # 3 (mod 4). Based on the pattern of the edge labels, we divide the proof

into four cases concerning the value of m, which are m = 1,3 (mod 4) and m = 1,5 (mod 8).

49



Modular irregularity strength of vertex amalgamation and comb product... | K.A. Sugeng et al.

Case 1. For m = 0 (mod 4). Define the edge label v : E(D}') — {1,2,,..., [2ZtL]} as
follows.
(31— 1
12 ,foriisoddand1§i<%,
3i+1
U(zy;) = Z;— , foriis oddand% <i<m,
31 . .
> forzisevenand 1 < i < m.
\
(31 + 1
s , fortisoddand 1 <7 < m,
2
U(yizi) = EZ, foriisevenand 1 < i < %,
31+ 2
s ,foriisevenand%ﬁigm.
(31— 1
! , foriisoddand 1 <17 < m,
31— 2
U(zic) = ! , foriisevenand1<i§%,
31 . m.o .
—, for i isevenand — < i < m.
\ 2 2
(31 + 1
s ,foriisoddand1§i<%,
3+ 3
W(zic) = i , foriis oddand%<i<m,
31+ 2
s , foriisevenand 1 < i < m.

\

sm1]

From the definition of edge labels 1/, we find that the maximum value of the edge label is { 5

Thus, 1) is a F”g—“} -labeling.
The weight of every vertex in D" is as follows.

3i—1 (mod 3m+1)), forl <i< %,
wl/)(xl) = m
3i  (mod (3m+ 1)), fori < @,
— 2
(3i+1) (mod (3m+1)), for B <i<m
(3i+1) (mod (3m +1)), forl <i< %
wy (i) =

(3i+2) (mod (3m +1)), for % <i<m.
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(c) = (3m—|—1)m+3 _ 3m
=T 2~ 2
Thus, the vertex weight setis {wy,(v) : v € V(D) } = {wy(x;) 1 i =1,2,...,m}U{wy(y;) :
i=1,2,....om}U{wy(z) i = 1,2,....m} U{wy(c)}{0,1,2,...,3m — 1,3m} = Zs;41.
Then, we conclude that ¢ is an irregular modular [#721]-labeling for D* with m =0 (mod 4).
Case 2. For m = 2 (mod 4). Define an edge label ¢ : E(D}") — {1,2, ..., k} as follows.
(37— 1
5 ,forioddandlgigg,
31+ 1
U(xy;) = Z;_ , for 7 odd and % <i<m,
37
L 2
(3i+1

(mod 3m + 1).

forievenand 1 <1 < m.

: forioddand1§i<m,i7é%,

w(yzzz) = ~2 2 m
— forievenand 1 <1 < —,

. m .
, forzevenand; <i<m.

(31— 1

, forioddand 1 <17 < m,
31— 2
2

31
(27
(3141

P(xic) =

. .m
, forievenand 1 <7 < —,

. m .
for 7 even and 5 <1< m.

, fortoddand 1 <1 < %,

, forioddand%<z’<m,

3+ 3

Y(zic) =
31+ 2

, fortevenand 1 <7 < m.
\

From the definition of edge labels ¢, we find that the maximum value of the edge label is [275H].
Thus, the ¢ is a [ 2 ]-labeling.
The weight of each vertex in D}" is as follows.

(3i—1) (mod (3m+1)), forl <i < %
wy () =9 m
3i  (mod (3m + 1)), for 5 < < m.

3i  (mod (3m +1)), fori <

9

wy(yi) =

SENE

3i+1 (mod (3m+ 1)), fori >
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3i+1 (mod (3m+1)), forl <i< %

wy(z;) = , mo .
3i+2 (mod (3m+ 1)), for 5 <i<m.
1
wy(c) = w + 37 - 37 (mod 3m +1).

Thus, the vertex weight setis {wy,(v) : v € V(D) } = {wy(x;) 1 i =1,2,...,m}U{wy(y;)
i=1,2,....mPU{wy(z) i=1,2,....m}U {wy(c) :i=1,2,...,m} ={0,1,2,...,3m —
1,3m} = Zspmia.

Then, we conclude that v is an irregular modular (3m—;11—labeling for Dy* with m
(mod 4).

Case 3. For m = 1 (mod 8). Define the edge labeling as follows.

2

(i1
Z+, fortoddand 1 <7 < m,
|+ 2
U(zy;) = HQ_, forievenand 1 < i < m,
3m — 3 B
|~ i=m
(i — 1 1
Z2 + m, forz’oddandlgz'<m—|r ,
i+ 1 1
1—12- + m, ‘forz'oddandm+ <i<m,
Y(yizi) = i—9 m+1

+m, forievenand 1 < i <

2 7
i , m+1
§—|—m, for ¢ even and <1< m.
\
(i+1 . .
5 +m, fortoddand1 <7< m,
Y(wic) = %+m, forievenand 1 < i < m,
3m+5 .
m, 1©=m.
.\ 4
(141 -1 -1
ZJ; +m, forz‘oddand1§i<m4 orm2 <1<m,
+ 3 -1 -1
Tt +m, forz'oddandm <z'<m ,
zie) =4, 2 2
! 1+ 2 . o m—-1 m-1
5 +m, forievenand 1 < i < 1 or 5 <i<m,
+ 4 -1 -1
z—g +m, forz'evenand.m gz'gm .
\
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From the definition of edge labels ¢/, we find that the maximum value of the edge label is ’—3”12—“} .
Thus, ¢ is a | 221 ]-Jabeling.
The weight of every vertex in D" is as follows.
(14+1), forl<i<m,
wy(zi) = § 3m + 1

, fort =m.
2
( 1
i +m, for1§i<m;r ,
1

wy(y) =i +m+1, form+ <i<m,

om — 1 for: =

1 i=m.

) . om—1

14 2m, forl <i < )
ww(zi): m—1

1+ 2m + 1, for <i<m.

wy(c) = Bm+1)((m+1)/2)+1=1 (mod 3m + 1).
Thus, the vertex weight set is {wy,(v) : v € V(DJ)} = {wy(z;) 1 i =1,...,m} U{wy(y) 1 i =
L..om}U{wy(z):i=1,...,myU{wy(c)} ={0,1,2,...,3m — 1,3m} = Zs,,11.
Then, we conclude that ¥ is an irregular modular f?’m—;l}—labeling for D}* with m
(mod 8).
Case 4. For m = 5 (mod 8). Consider the following edge labeling.

=1

(i+1
Lt , forioddand1 <17 < m,
V() = %+1, forievenand 1 <i <m,
am — 3 B
g =™
(i — 1 -1
22 + m, forz’oddandl§z’<m ,
1+ 1 m—1

+ m, for ¢ odd and <1< m,

w(%zz) =Yi_2

forievenand 1 <i < (m—1)/2,

27

%+m, for i even and —— < i < m.
\

(i41

HQ_, fortoddand 1 < i < m,

P(zic) = %, forievenand 1 < i < m,
3m + 5 B
|~ =™
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(1 + 1 m—1 m—1

5 +m, forioddand 1 <i < 1 or 5 <i<m,
L+ 3 -1 -1
s —i—m,forioddandm §z’<m—,
v(ae) =1, 2 . 2
‘ 1+ 2 . o m—-—1 m-1
5 +m, forievenand 1 < i < 1 or 5 <i<m,
|+ 4 -1 -1
i +m, forievenandm <1 << m .
L 2 4 2

From the definition of edge labels W, we find that the maximum value of the edge label is [%1 .

Thus, Visa Pm—;lw -labeling.
The weight of every vertex in D" is as follows.

1+ 1, forl <i<m,
wy () = S 3m + 1

, fori=m.
( —1
1+ m, for1§i§m2 ,
-1
wy(yi) = i+m+1, form <i<m,
9m —1 for i
ori =m.
| i=m
. . m—1
i+ 2m, forl <7< ( 1
w¢(zi): m—1
i+ 2m+1, for <i<m.

wy(c) =Bm+1)(m+1)/2)+1=1 (mod (3m + 1)).

The set of vertex weight of D" is as follows. {wy(v) : v € V(D}")} = {wy(z;) :i=1,...,m} U
{wy(ys) ci=1,....mU{wy(z) i =1,...m}U{wy(c)} =10,1,2,...,3m—1,3m} = Zs,,11.
Then, we see that ¥ is an irregular modular [t labeling for D" with m =5 (mod 8).

For all cases, we conclude that

3m+1
2

ms(Dy') = [ 1.

The dutch windmill graph D" has 3m vertices with degree 3, and 1 vertex with degree 2m.
Using Lemma 1.1, we obtain s(Dj}*) > 3””‘2—“ Since s(G) is an integer, we have

s(Dp) = 12000,

According to Theorems 1.2 and 2.1, we have
s(D}) < ms(D}").
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and 3m + 1
m m
s(op) < (2L

Thus, we can conclude that s(Dj") = [22t1].

In Figure 1, we give an example of modular irregular labeling of Dy,

Figure 1. Example of Modular Irregular Labeling D} with ms(D}) = 7

2.2. Comb Product of Path, Cycles and Complete Related Graphs

The comb product of a path graph P, (with m vertices) and a cycle graph C,, (with n vertices),
denoted by P,, > C,,, is the graph formed by taking one copy of the path graph P,, and m copies
of the graph C,, then attaching a given vertex, say x{, of the j—th copy of C), to the jth vertex of
the graph P,,, for all 5, where 1 < 57 < m.

Theorem 2.2. Let P, > C,, be a comb product path and cycle graph with m,n > 3. Then,

00, m=1,3 (mod4)andn=2 (mod 4),
00, m=2 (mod4)andn=1,3 (mod 4),

ms(P,, > C,) =
[(n - 12)m + 1"

, otherwise.

Proof. P, > C, has mn vertices with vertex set V (P, > C,,) = {xz 1<i<n,1<j7<m}and

edge set E(P, > C,) = {zjzi™ 11 <j<m—-1}u{alal,, :1<i<n1<j<m} To
simplify labeling, we change the edge notation x/,27, | as x4 7.

Form =1,3 (mod 4) andn =2 (mod 4) orm =2 (mod 4) andn = 1,3 (mod 4), P,,>C,
have order mn = 2 (mod 4). According to Theorem 1.2, the ms(P,, > C,,) = cc.

For other cases, based on the pattern of the edge labels, we divided the proof of mn # 2

(mod 4) into five cases, each case we label its edge by a4, for k = 1,2, ..., 5.
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Case 1. For m even and n odd, define the edge labeling oy : E(P,>C,,) — {1,2, ..., {%W }
as follows.

(n—l)]—n+3+{z—1J7 1§i§n,1§j§%,

; 2 2
j g
i<n, — m.
2 I e N
) B N
(n—1)m—(n 2)37 <™
2 2
1 —2m—(n—4)7 —1 2
anfefefth) = qUZAMZ I IZL M2 G odd,
o 9
—n(m2 J>, m <j<m-—1, jeven
\
We have the vertex weight
, (n—1)j—n+i+l, 2<i<n 1<j< o,
wtm(‘rg)_ 2
(n—1)j—n+it2 2<i<n, m; <i<m
((n— 1)m, j=1,
(n—Dm+j+1, 1<j< %
m m—+ 2
- —m+ Dy =0T
who (o) = { (M DmE 53T =5
4
(n—Dm+j+2 T2 <j<m, jodd,
4
(n—1)m+ 7, m;t < j <m, jeven.
\

Case 2. For m,n even, define edge labeling oy : E(P,, > C,) — {1,2,..., [%W} as
follows.
m — 2 m + 2

ozg(xfxfﬂ) = oq(xfxfﬂ) 1<i<n1<5< 5 and 5 < j < m,jisodd.
((n—1)7 — 2  — 1 -2
(n-Dj—n+2 i o1 <i<n1<j<™”Z jiseven
2 2 2
—1)ym—2 4 — 1
(n = 1)m = 2n + +F —‘, 1§z’<n,j:m,m50 (mod 4),
@l ) = 4 2 2
ATt (n—1)m—2n+6 |i—1 , m
, 1<i<n,j=—,m=2 (mod4),
4 2 2
—1) — 4 , — 1 2
(n )‘72 n +VQ J, 1< <n, m; <j<m, jiseven.
\
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((n—1)m —(n—2)j
2 )

i g —2m—(n—4)j —2 2

az(:vix]lﬂ): (n Jm 2(n )J , m;— <j7<m-—1, jisodd,

o m + 2
| o (afaf™),

m
1< < —
_]_2>

<j<m-—1, jiseven.
We have the vertex weight wt,,(z7) for 1 <i <nand1 < j < m:

A . 2
Whay (2]) = wha, (), i £ 1, j # T

(m+2)/2) m=0 (mod 4),

Wi, (77
m
(n—l)m+§+2, m=2 (mod 4).

m—+2)/2
Wi, (ZL‘g )/ ) -

2

Case 3. For m odd, n even, define an edge labeling a3 : E(P,,>C,,) — {1,2, ..., [MW }
as follows.

—1)m — 5) ,— 1
(n )TZ n —i—V2 J, 1<i<n,m=1 (mod4),
as(wlal,y) = |
—1)m — 3 -1
(n )njl n +F2 w 1<i<n,m=3 (mod 4)
(n—1)7 —2 4 ,— 1 -1
(n=1)j nt + ! , 1§z’<n,2§j§—m , J even,
2 2 2
—1)j—2 3 ,— 1 -1
(n )‘72 nt +P2 w t<i<m2<i<™ % jodd
0‘3(*73g$g+1>: , .
(n—1)j—n+2 i—1 , m+3 i
+ , 1<i<n, <J <m, jiseven,
2 2 2
—-1)j5 — 3  — 1 3
(n=Dj=—n+3 izl o, M3 o isodd.
\ 2 2 2
( .
—Dm-n+5 —1
(n )n;i nt —2{22 -‘, 1§z’§g,m51 (mod 4),
(n—1)m—-n+7 i —1 ..n o
(mil)/2 (et 1 -2 5| 1§z§§7m:3 (mod 4),
as(z; Ty )= 1 En K 5
(n = )m4— n +1, n—2|— <i<n,m=1 (mod4),
—1)m -5 3 2
(n )m4 n + 1, n;— <i<n,m=3 (mod4)
\

57



Modular irregularity strength of vertex amalgamation and comb product... | K.A. Sugeng et al.

r(n—l)(m—l—l)—(71—2)‘77 1<j< m—1
2 2
. — 1
ag(x{x]lﬂ): n(m2 ])’ %Sjgm—l,jisodd
—m — (n—4)j 1
(n—2)m —(n—4)j ﬂgjgm—l,jiseven.

\ 2 ’ 2
We have vertex weight

((n—1)m—n+1
(n )2 ntl 29<i<mn, j=1,
—1
(n—1)j —2n+i+2, 2<i<n 2<) < —,
—V)m—-n+5 1
(n )?7; n+ o), QSng,jZ%
PN (UES UEEES ST JEE
—1 -5 3 4 1
(n )m2 n + 24, n—2i— Szgn,]:%, =1 (mod 4),
—)m—5n+1 4 1
(n W; ntl g "; Sigmj:l%;ﬂmz (mod 4),
3
((n—1)j —nti+1, 2§i§n,m; <ji<m.
((n—1)m + 2, j=1,
- 1
who, (]). 2<j <
(2n— )m + 3 o om+1 I (mod 4)
=— m= m
t(J) < 2 Y j 2 ) )
Wlas(T7) = § (2n — 1 5 1
5 (27 (2n )m+7 j:u,mz?) (mod 4).
2 2
3
(n —1)m+ 7, m= <Jj<m, jisodd,
3
n—1)m+ 7+ 2, m < j<m, jiseven.
j J J

\

Case 4. For m,n odd, m = n, define edge labeling oy : E(P,,>C,,) — {1,2, ..., [%W }

as follows. .
1 , — 1 —
ntl ot Cl<i<To oo
1141 1—n . n+1 ' .
5 + 1, <i1<n,j=1
i i ) om—+1 m+3 .
ag(rlrl ) =o(xje],,), 1<i<n, 2<5< and <j<m-—1

- 2 2
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( o -1
ar(x]al ), 1<j§m2 ,m=1 (mod 4)
—1)m—-(n—-2)j—-1 -1
(n=Dm = (n=2)j , 1§j§m ,m=3 (mod 4)
Jo Y 2 2
R OEE B o
— ) s~ <i<m—1 jisodd,
—2m—(n—4)j—1 1
(n Jm = (n )j ) mt <j<m-—1, jiseven.
0 2 2
We have the vertex weight
( —1
n+1-—2(i—1), 2g¢<”2 =1,
1
Nk !
3y —
2i —n, 5 <i<n, j=1,
: 1 3
Wi, (1), 2<i§n,2_j_m+ andm+ <j<m.
0 2 2
((n—1
(n )m—l—n+37 i-1
2
; -1 3
. wita, (1), 2Sj§m andm+ <j<m,
ta,(20) = 2 2
Wla, Ty _
m—3 m+1
mn = ———, ]:T,mzl (mod 4),
-5 1
\mn—mT, j:%,mz?) (mod 4).
Case 5. For m,n odd, m # n, define edge labeling a5 : E(P,,>C,,) — {1,2, ..., [W-‘}
as follows.
((n—1)m — 5 — 1
- —1)j—2n+14 — 1 —1
as(jaly,) = (n=Djz2ntd i L l<i<n 2<j<t—-
2 2 2
(n—l)]—n+3+ i—1 | 1<i<n,m+3§j§m
L 2 2 2
((n—1 -1 i —1 —1
(n )im )+2—2 Z2 -‘, 1 i_n2 ,m=1 (mod 4),
m m -1 -1 — 1 -1
045(352( +1)/29€£+1+1)/2): (n )im )—1—1—2 Z2 J, 1<q n2 ,m=3 (mod 4),
—1)(m - ) 1
(= Dm=5 ,; "t i<
\ 4 2
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( _ _ _ o _
m—1)m—-(m—-2)G—-1)+1 C1<j< m—1
2 2
. o 1
as(v] 2]t = 4 —n(m2 j)’ m <j<m-—1, jisodd
—2m—(n—4)7+1 1
(n Jm = (n )i+ ) m <j<m-—1, jiseven.
\ 2 2
We have vertex weight
¢ : -1 3
Whay (1) + 1, 2<i§n,1§j§m2 andm;r <j<m,
. . 1 1
Whog ) = § whay (a)) +2, 2<is o =0
-1 ) 3 1
(n=Dm=5) oy 23y, oMt
\ 2 2 2
Wty (1) = wia, () +1, 1< 5 <m.
(n—1)m+1

For all cases, it can be checked that the edge labeling «y, is the [ 5

1,2,...,5. Then, under the labeling «, the set weights of the vertices {wt,, (]

-‘—labeling for k

)1 <5<

i

m, 1 <i<mn, 1<k <4} attain the values {2, 3, ..., mn, mn + 1} and for {wt,,(z]) : 1 < j ;
m, 1 <14 < n} attain the values {3,4, ..., mn, mn + 1, mn + 2}. Thus, the set of modular weights

{wta, (27
(n—1)m+1

which implies that ms(P,, > C,,) = { )

|

An example of modular irregular labeling of P, > Cgis given in Figure 2.

) (modmn):1<j<m,1<i<n,1<k<5}isequal to{0,1,2

yeeymn — 1},
O

Figure 2. Example of Modular Irregular Labeling Py > Cg with ms(Py > Cg) = 15

If we add k chords to the cycle C,,, we denote the resulting graph as C,,
theorem, we consider the r-regular C,, , graphs, denoted as r — C), ;, In these
chords for r — 2 edge disjoint 1-factor (perfect matching) of C), .

. In the following

graphs, the added

Theorem 2.3. Let P, be a path graph of order m and r — C,, , be a r regular cycle graph of order

n containing k chords. Then,

00, m=1,3 (mod4), n=2
=2 d4 =1
ms(Pp,>r —Ch i) = OO(;1—1)m—|—1 m (mod 4), n=1,3
[—-‘ , otherwise.

60
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Proof. Let P, be a path graph of order m and r — C), ;, be a r-regular graph with cycle of order
n containing k chords that have 1-factor M (r — C,, ;). Thus, n is even. P, > — C,, ; have mn
vertices with a vertex set V (P, > 1 — Cy i) = {x 1 <i<n1<j < m}and an edge set
E(P,, w—an)_{x{x{“ 1<j<m-1}U{zlal,:1<i<n1<j<m}U{e:ec
M(r — Chy),e ¢ xla],, }. To simplify labeling, we change the edge notation x/.z/,, | = xJ.x].

Form = 1,3 (mod 4) and n = 2 (mod 4) or m = 2 (mod 4) and n = 1,3 (mod 4),
P,,>r—C,, x have order mn = 2 (mod 4). According to Theorem 1.2, the ms(P,,>r—C,, ;) = 00
Based on the pattern of the edge labels, we divided the proof of mn # 2 (mod 4) into two cases,
each case we labeling its edge by S, for k = 2, 3.

For k = 2,3, define the edge labeling 5, : E(P,>r — Chi) — {1,2,..., {%—‘} as

follows.

Be(wlal,,) = ap(zlal,), 1<i<n, 1<j<m,
Br(e) =1, e € M(r—Chy) e ¢ Be(ziz],,),
Bk(x xl ) = Czk(azlx{Jrl), 1<j<m-1.

We have the vertex weight

wtg, (x]) = wty, (2)) +1r -2, 2<i<n, 1<j<m,
wtg, (2]) = wte, () + 1 — 2, 1<j<m-1.

For all cases, it can be checked that the edge labeling [y, is the {MW -labeling for k = 2, 3.

Then, under the labeling ) the set weights of the vertices {wt5k<l‘1) 1<j<m, 1<i<n, k=
2,3} attain the values {r,r +1,...,mn +r — 2,mn + r — 1}. Thus, the set of modular weights
{wtg, (x]) (mod mn):1<j<m,1<i<n, k=23}are{0,1,2,...,mn—1}, which implies
that ms(P,, >r — Cp ) = [%W O

Figure 3 shows an example of modular irregular labeling of P > 3 — Cy 4.

Figure 3. Example of Modular Irregular Labeling Py >3 — Cg 4 with ms(Ps >3 — Cg4) = 15

Let n, ¢, and ay, as, ..., a, be positive integers with 1 < a; < as < ... < a, < ... < aq < [%].
An undirected graph with the set of vertices V' = {x; : 1 < i < n} and the set of edges £ =
TiTiva, * 1 <1< n,1 < p< g, with the indices a, being taken modulo 7, is called a circulant

graph and is denoted by C),(ay, ag, ..., Gp, ..., Gq).
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Corollary 2.1. Let P, be a path graph of order m and C.,(1, as, ..., ay, ..., a,) be a circulant graph
of order n. Then,

00, m=1,3 (mod4),n=2 (mod 4),
=2 d4 =1 d4
ms(Poy > Co(1, g, . ay)) = 00, m (mod 4), n ;3 (mod 4),
[(n —1)m+ 1} :
—— |, otherwise.
2
Proof. Pp,>Cy(1,as,...,a,,...,a,) have mn vertices with a vertex set V (P,,,>Cy,(1, aq, . . ., ayp,

a)) ={a] 11 <i<nl< j < m} and an edge set E(P,, > Cy(1,a, ..., Gp, ..., ag))
(2] xf“ 1< <m—1}U{mZ el i1<i<nl<j<mju{zal, o ) : '
n,1 <j<m,2<p<q}. To simplify labeling, we change the edge notation /x| = xJ xl
For m = 1,3 (mod 4) and n = 2 (mod 4) or m = 2 (mod 4) and n = 1,3 (mod 4),
P,>C,(1, ag, ..., ap, ..., ay) have order mn = 2 (mod 4). According to Theorem 1.2, the ms( P>
Cn(1,aq,...,ap,...,a,)) = co. Based on the pattern of the edge labels, we divided the proof of
mn Z 2 (mod 4) into five cases, each case we label its edge by 5, for k = 1,2, ..., 5.
For k = 1,2, ..., 5, define the edge labeling 5 : E(P,, > Cy,(1,aq, ..., ap, ..., a,)) — {1,2,...,

[("gﬂ-‘ } as follows.

Br(wiwlyy) = ax(wlaly), 1<i<n 1<5<m,
6k<$fxf+ap (modmn)>:1, 1<i<n, 1<j<m,
Bio(@l ety = o (adad ™), 1<j<m-1
If |a,| = s, we have the vertex weight
wtg, (x]) = wty, (z)) +s, 2<i<n, 1<j<m,
wtg, (2] = wtg, (47]) + 5, 1<j<m-1

For all cases, it can be checked that the edge labeling [y, is the {M-‘ -labeling for k£ =

1,2, ..., 5. Then, under labeling (3 the set weights of the vertices {wtg, (2]) : 1< j<m, 1<i <
n, 1 § k < 4} reach the values {2 + 5,3 + s,...,mn + s,mn + 1 + s} and for {witg, (xl) 1<
j<m,1<i<n} attainthevalues{3+s,4—|—s smn+s,mn+ 14 s mn+ 2+ s} Thus,
the set of modular weights {wtg, (1) (mod mn):1<j<m, 1<i<mn, 1<k<5}isequal

to {0,1,2,...,mn — 1}, which implies that ms(P,, > C,,(1, ag, ..., ap, ..., ay)) = {%-‘ . O
An example of modular irregular labeling of P4 > Cg(1,2) can be seen in Figure 4 as follows.
If we add an edge from vertex z7" to vertex x} in the path, it becomes a cycle graph C,, that

has m vertices with a set of vertices V = {[El 1 <j < m} and a set of edges £ = {x{x{“ 1<
Jj<m}.
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Figure 4. Example of Modular Irregular Labeling P, > Cg(1,2) with ms(Py > Cg(1,2)) = 15

Theorem 2.4. Let C,, and C,, be cycle graphs of order m and n respectively. Then,

00, m=1,3 (mod4), n=2 (mod 4),
00, m=2 (mod4), n=1,3 (mod4),

ms(Crn > Cn) = [(n _ 1;m 4 1}

, otherwise.

Proof. C,, > C,, have mn vertices with a vertex set V (C,, > C,, = {:vf 1 <i<n1<j<m}
and an edge set E(C,,, > C,,) = {227 1 1 < j <m}uU{alal,, :1<i<n1<j<m} To
simplify labeling, we change the edge notation z7'27"™ = zlat and 2/z) | = x) 2.

Form = 1,3 (mod 4) and n = 2 (mod 4) or m = 2 (mod 4) and n = 1,3 (mod 4),
C, > C,, have order mn = 2 (mod 4). According to Theorem 1.2, the ms(C,, > C,,) = oo. Based
on the pattern of the edge labels, we divided the proof of mn # 2 (mod 4) into 5 cases, each case
labeling its edge by v, for k = 1,2, ..,6.

Case 1. For m even, define edge labeling v, : E(C,, > C,) — {1,2,... [%W} for

k = 1,2 as follows.

() = oualaly), 1<i<n 1< <m

( m

ak(x{x{H) - 17

—_

<j <~ jisodd,
2

. . m .
ap(afr{™) +1, 1<j< o jiseven,

w(@let™) = ag(aladt) - 1, % <j<m-—1, jisodd,
o 2 .
Oék(lex?[Jrl) + 17 % S] S m — 17 ] 1S even,
1, J=m.

We have the vertex weight
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Case 2. For m odd, n even, define an edge labeling 73 : F(C,,>C,,) — {1,2, ..., [%W }
as follows.

(063(‘7551'1_’_1) 1<i<n, 1<j<m-—1,
(n—1)(m—1) i—1 o on
—_— <7< — =
y(elaly) = S 2 ) tsisgdEm
—1 3 2
(n—1)m+n+ i n+ <i<n j=m
N 2 2
( i i+, n—1 ._m—1
053(1'1.%1 ) o 4 1<7< 9 J 18 0dd7
1 _
a3(x1x]1+1>+n4 ) ]-Sjgm ,jiseven,
-1 1
(el ™) = Jaglada ) = S TS < <m— 1, jisodd,
—1 1
as(dal ™)+ =, T < <m— 1, jiseven,
n—1 .
s j=m.
We have the vertex Weight
Wty (2]) = {wta,(2]), 2<i<n, 1<j<m-—1.
(n—1)(m—1)+20 — 1), 195%
. n+2
Wi, (') = s m(n — 1) + 1, i=—
4
(n—1)m+n—2(i—2), ”; <i<n,
\

U}t’m(x{) = wtoc:a(xg)v 1<j<m.

Case 3. For m, n odd, m = n, define edge labeling v, : E(C,,,>C,,) — {1,2, ..., [%-‘ }
as follows.

m+1 m—+ 3
and

(il ) = ai(wlal,,), 1<i<n, 1<j< <j<m.

Vi1 = ~ 9
( o —-1 -1
044(13i$]1+1)+n4 : 1§j§m2 , j is odd,

o 1 _
ay(zfai™) n4 ; 1§j§m , j is even,
» —1 1
W@wfﬂ—<m@%ﬁ5+n47 m; <j<m-—1,jisodd,
-1 +1 . .
oy (] — n4 , m2 <j<m-—1, jiseven,
n—1 .
(4 J=m.
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We have the vertex weight

wty, (x7) = 1, 2<i<n
Wiy, (3]) = wta,(2]), 2<i<n, 2<j<m,
wt’m(x]l) = wiq (ﬂfi)a I1<j<m

Case 4. Form = 1 (mod 4), n = 3 (mod 4), define the edge labeling 5 : E(C,, > C,,) —

{1,2,..., [%-‘ } as follows.

1
a5<x1xz+l) 1<Z<n1<]<m]#%
J pd —
Vs(ziwi,,) = (n—l)(m+1)—4n+8+ i—1 << ,_m—i—l
1 I e
( 1 -1
O‘E’)(‘xlx‘jJrl) nl— ’ 1 SJ S mT7 J is Odd7
1 -1
as(2d i) + %, 1<5< mT’ j is even,
1 1
t(etal™) = Jas(elal™) + L, T < <m— 1, jis odd
1 1
as(efal) = s, IS << m— 1, jiseven
n+1
=m.
1 J
We have the vertex weight
1
Wty (1), 2<i<n,1<j<m-—1, j;ﬁ&,
wt., (z]) = 2
AT (n—l)(m—i—l) : . m+1

—2n+1+ 3, 2§z§n,j:T.

wt%(ac{) - wt%(x{), I<j<m.

Case 5. For m = 3 (mod 4), n = 1 (mod 4), define edge labeling v : E(C,, > C,) —

{1,2,..., [%-‘ } as follows.

4

oz5(xlxl+1) 1<i<n, 1<j3<m-—1,
(n—1)(m—1) i—1 ..o n—1 .
' 142 1< < =
(wlel) = A BT I
-1 3 1
(n—1)m-+n+ _; n + <i<n j=m

[\]

\ 2
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(o 1 1
as(afa ™) =, 1=y T fisodd
- 1 1
as(erfr™) + o 1< < T s even,
. . 1 1
t(etal™) = Jas(elal™) = =, T < <m— 1, jis odd
- 1 1
as(efrl )+ =, IS < j<m—1, jiseven
n+1
("4 J=m
We have the vertex weight
. 1
o [wtas (. 2<i<n 1<j<m—1,j# "=,
—2n+i+4+2, 2<i<n,j=——.
2 2
, 1
(n—1)(m—1)+2,  2<i<
1
wtyg (27") = S m(n — 1) + 2, i:n;_
3
(n—1)m+n—2(i—2), ”;r <i<n,
\

thG(x]i) - wt&s(xj)v 1 < ] <m.

i

For all cases, it can be checked that the edge labeling v is the [%-‘ -labeling for k =

1,2, ...,6. Then, under the labeling ;, the set weights of the vertices {wt%(xg ):1<j<m, 1<

weights {wt,, (2]):1<j<m,1<i<n, 1<k<6}are{0,1,2

i <n, 1<k <4} attain the values {2, 3, ..., mn, mn + 1} and for {wt., (z]) : 1 < j<m, 1 <
i <n,5 <k <6} attain the values {3,4, ..., mn, mn + 1, mn + 2}. Thus, the set of modular
, ..., mn — 1}, which implies

that ms(C,, > C,,) = {%-‘ .

Figure 5 gives an example of modular irregular labeling of Cy > Cs,

Figure 5. Example of Modular Irregular Labeling Cy > Cg with ms(Cy > Cg) = 15
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If we add k chords in C),, then we denote the graph as C, ;. In the following theorem, we
consider the r-regular (), ;. graphs, denoted as r — (), ;, In these graphs the chords are all 1-factor
of CT% k

Theorem 2.5. Let C,, be a cycle graph of order m and r — C,,, be a r regular cycle graph of
order n containing k chords. Then,

00, m=1,3 (mod4), n=2 (mod 4),
ms(CmDT_an) = oo m=2 (mOd 4)’ n= 173 (mOd 4)a
| [w—‘ otherwise.
2 )

Proof. Let C,, be a cycle graph of order m and r — (), ;, be a r-regular graph with cycle of order
n containing & chords that have 1-factor M (r — C,, ;).. Thus, n is even. C,, >r — C,, ; have mn
vertices with a set of vertex V(C,, > — Cy, 1) = {7 1 <i<n,1<j<m}andan set of edges
E(Cph Dr—C’nk) —{x{x{“ 1<j<myufalal, :1<i<nl <j<m}U{e:e€
M(r — Cyur), e & xla +1} To simplify labeling, we change the edge notation z/,z;, | = xinx{
and vix) | = xix].

For m = 1,3 (mod 4) and n = 2 (mod 4) or m = 2 (mod 4) and n = 1,3 (mod 4),
Cpr—Cy,  have order mn = 2 (mod 4). According to Theorem 1.2, the ms(C,,,>r—C,, i) = 0.
Based on the pattern of the edge labels, we divided the proof of mn # 2 (mod 4) into 2 cases,
each case labeling its edge by oy, for k = 2, 3.

For k = 2,3, define the edge labeling 5y : E(Py,>r — Chi) — {1,2,..., {%-‘} as

follows.

5k(1:f:£f+1):'yk(xfxf+1), 1<i<n,1 <j <m,
Ox(e) =1, e € M(r—Cup),e ¢ dx(alal,,),
Sr(w ] ™) = (g2l ™), 1< <m.

We have the vertex weight
wts, (1)) = wty, (x]) +r—2, 2<i<n, 1<j<m,

J
wts, (1)) = wt., (x]) +r — 2, 1<j<m.

For all cases, it can be checked that the edge label Jy is the {%-‘ label for £ = 2, 3. Then,
under the labeling (3, the set weights of the vertices {wt;, (2]): 1< j<m, 1<i<n, k=2 ,3}
attain the values {r,7+1, ..., mn+r—2,mn+r —1}. Thus, the set of modular weights {wts, (xl)
(mod mn) : 1 < j < m, 1 <i<mn, k=23}are{0,1,2,...,mn — 1}, which implies that
ms(Cp>r — Chy) = {w-‘ O

2

An example of modular irregular labeling of Cy > 3 — Cs 4 can be seen in Figure 6.

Let n,q, and ay, ay, ..., a,, ..., a, be positive integers, 1 < a1 < az < ... < ap, < ... < ag <
ng An undirected graph with the set of vertices V' = {z; : 1 < i < n} and the set of edges
E=2xi14,:1<1<n,1<p < q,thentheindices a, being taken modulo n, is called a circulant
graph and is denoted by C), (a4, as, ..., Gy, ..., g).
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Figure 6. Example of Modular Irregular Labeling Cy >3 — Cs 4 with ms(Cy >3 — Cs 4) = 15

Corollary 2.2. Let C,, be a cycle graph of order m and C,(1,as, ..., a,, ..., a,) be a circulant
graph of order n. Then,

00, m=1,3 (mod4), n=2 (mod 4),
=2 4 =1 4
ms(Cr,>Ch(1,ag, ..., ap, ..., a,)) = > m (mod 4), n=1,3  (mod 4),
[(n —1)ym + 1-‘ .
—— |, otherwise.
2
Proof. C’mDC’n'(l, as, ..., Gp,...,a,) have mn vertices with a vertex set V (C,,,>Cy, (1, ag, . . . , ay,

ag) ={x] 1 <4 <n 1 <j < m}andan edge set E(Cy, > Cy(1,a,...,ap, ..., aq)) =

()™ 1 <j<miu{alal,, 1 <i<nl<j<m}u{alal 1 <i <

i+ap (mod n) .
n,1 <j<m,2<p < q}. Tosimplify labeling, we change the edge notation =7z, = xJ27] and
m,m+l _ .m,1

Form = 1,3 (mod 4) and n = 2 (mod 4) or m = 2 (mod 4) and n = 1,3 (mod 4),
Cin>Ch(1,ag, ..., ap, ..., a,) have order mn = 2 (mod 4). According to Theorem 1.2, the ms(P,,>
Cn(1,a2,...,ap,...,a,)) = 0o. We divided the proof of mn # 2 (mod 4) by 6 cases, each case
labeled its edge by dy, for k = 1,2, .., 6.

For k = 1,2, ..,6, define the edge labeling 6, : E(P,, > Cy(1,aq, ..., ap, ...,a,)) = {1,2,...,

[%W } as follows.

6k($gwg+1) = 'Yk(mgng)» 1<i<n, 1<j57<m,
On(x]aly, ) =1, 1<i<n, 1<

Sp(@q2]) = (el ™), 1<j<m-—1
If |a,| = s, we have the vertex weight
wis (x]) = wty, (2]) +5, 2<i<n, 1<j<m,

wts, (1)) = wt., (x]) + s, 1<j<m-1

2
Then, under the labeling Jj, the set of vertex weights {wts, (z]) : 1 < j<m, 1 <i<mn, 1<

For all cases, it can be checked that the edge label Jy, is the {mw label for k =1, 2, ...,6.
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k < 4} achieves the values {2 + 5,3 + s,...,mn + s,mn + 1 + s} and for {wts, (z]) : 1 < j <
m, 1 <i<mn,5<k <06} attains the values {3+ 5,4 +s,...,mn+s,mn+1+s,mn+2+s}.
Thus, the set of modular weights {wts (z]) : 1 < j<m, 1 <i<n, 1<k <6} isequal to

{0,1,2, ..,mn — 1}, which implies that ms(Cyy &> Co(L, as, ..., ap, ..., ag)) = [(”—1#1 0

Figure 7 shows an example of modular irregular labeling of C,,, > C,,(1, ag, ..., ayp, ..., ag)).

Figure 7. Example of Modular Irregular Labeling Cy > Cs(1,2) with ms(Cy > Cs(1,2)) = 15

3. Conclusion

In this research, we prove that the modular irregularity strength of Dutch Windmill graph D"
is ms(Dy") = [22%] for m # 3 (mod 4). Furthermore, we obtained the exact value of modular
irregularity strength of several comb product graphs, showing that all of them share a common
formula. These graphs include: ms(P,,>C,,), ms(P,,>r—C,, i), ms(P,>Cy (1, az, ..., ap, ..., ag)),
ms(Cy, > Cy,), ms(Cr > 17 — Chr ), and ms(Cy, > Cp (1, ag, ..., Gy, ..., aq)). We found that for these

(n—1)m+1
2

specific graphs, the modular irregularity strength is { W . For other value of m and n (for

the comb product not covered by the above conditions), we have the modular irregularity strength
is ms(G) = oo.
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