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Abstract

In this paper, we determine the edge metric dimension of the comb product of a cycle graph and a
simple graph containing a dominant vertex. This result generalizes previous findings on the edge
metric dimension of the comb product of a cycle and a complete graph. We show that the edge
metric dimension of C,, > D, where D is a simple graph with a dominant vertex, equals the
product of the order of C), and the order of D reduced by two.
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1. Introduction

Kelenc et al. introduced the edge metric dimension concept to answer the question of the
inability of metric dimension to distinguish the edges of a connected graph. Kelenc et al. [2]
showed that for every connected graph G, exactly one of the relations 8(G) > (.(G), B(G) <
Be(G), or B(G) = B.(G) holds, where 3((G) denotes the metric dimension of graph G while £, (G)
denotes the edge metric dimension.
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Let G be a connected simple graph and let x,y € V(G). The distance of vertex x and y
or d(z,y) denotes the length of a shortest path between x and y [9]. Now, assume graph G is
connected and a, b, v € V(G) in which e = ab € F(G). The distance between an edge e = ab and
a vertex v is defined as s(e,v) = min{d(a,v),d(v,b)} [2]. The distance between an edge and a
vertex is used to determine the edge metric generator of the graph.

Suppose a connected graph GG. Choose an ordered k-tuple of vertices.

U = (wy, wy, ws, ..., wg),w; € V(G).
The representation of edge e € E(G) to the W is
r(e|¥) = (s(e,w), s(e,ws), s(e,ws), ..., s(e,wg)).

If Ve, e; € E(G), r(e;|¥) # (e;|V), then W = {w;|1 < i < k} is an edge metric generator
of graph G. The edge basis of a graph is the edge metric generator with minimum cardinality [3].
The edge basis cardinality is the edge metric dimension of the graph [2], denoted by [.(G).

Over time, the edge metric dimension of various graphs was studied, such as in [2,4,7,8].
Kelenc et al. [2] established the edge metric dimension of unique graphs such as complete, cycle,
and wheel graphs. Meanwhile, Nasir et al. [4] discussed the edge metric dimension of n-sunlet and
prism family graphs. Zubrilina [8] characterized n-order graphs with the edge metric dimension
n — 1, whereas Wei et al. [7] discussed graphs with edge metric dimension n — 2 on bipartite
graphs.

In 2021, Singh et al. [6] established the edge metric dimension of French cycle windmill graph.
French cycle windmill graph is a comb product cycle graph to the complete one. In this case, the
comb product (>) is defined as an operation between two graphs, for example, a graph G' and H
so that graph G > H is a graph consisting of one copy of graph G and |V (G)| copy of graph H,
which then a vertex on graph i-th H copy is attached to the i-th vertex on graph G. Interestingly,
in Singh et al. [6], the complete graph as graph H causes the fixed vertex on graph i-th H copy
attached to the i-th vertex on the graph C,, to be the dominant vertex. A vertex = € V(G) is called
the dominant vertex on the graph G if d(z,v) = 1 forevery v € V(G) \ {z} [5].

There is an interesting problem about edge metric dimension of graph resulting comb product
of cycle to the graph with a dominant vertex. In this paper, we expand that finding by replacing a
complete graph with any simple graph that has a dominant vertex. This study aims to determine
the edge metric dimension of the comb product C;, > D, where D is any simple graph containing
a dominant vertex. The finding about the French cycle windmill of Singh et al. [6] is a particular
case of this study. Therefore, the novelty of this research is to generate the edge metric dimension
of a graph resulting from the comb product of a cycle graph to the simple graph with a dominant
vertex which resulted the generalization of previous research findings by Singh et al. [6].

The approach to explaining graph D is to change it into the form graph K + G, which implies
G is a simple graph. Therefore, we compute the edge metric dimension of the comb product of
the cycle to the graph K; + G in which G is the simple graph. In addition, we also compute the
edge metric dimension of graph C,, > W ,,, in which W ,,, is a wheel graph that has order m + 1.
Wheel graph W ,,, is a graph obtained from cycle graph order m and given an additional vertex
in which every cycle vertex is adjacent to that additional vertex. Therefore, this graph also has a
dominant vertex, the additional vertex.
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2. Main Result and Discussion

To get the main result, we use our finding definitions and propositions. Therefore, we will
start with the definition and propositions. As Hasmawati et al. [1] posed a definition of equiva-
lent vertices in determining the graph partition dimension, we also pose a new definition, namely
equivalent edges of a graph. The equivalent edges of a graph are essential in determining the edge
metric generator.

Definition 2.1. Let G be a connected graph and let e1,e5 € E(G). The edges e, and eq are called
equivalent if (1) they share a common endpoint, and (2) for every vertex v € V(G) distinct from
the endpoints of e; and ey, we have s(e1,v) = s(eq,v).

For example, suppose a cycle graph C; with V(Cy) = {u;|l < i < 4} and E(Cy) =
{uuip1|l < i < 3} U {ujug}. Suppose e; = wujug and es = wpuz. Condition (1) is ful-
filled because uy was incident on both edges. Then, s(ej,v) and s(eq,v) will be checked for
any v € V(Cy) \ {uy,us}.

For s(ey,v),Yv € V(Cy) \ {u1,us}, then

min{d(ui, us), d(ug, us)} = min{l,0} =0 (1)
min{d(uy,uy), d(ug, ug)} = min{l,2} =1 (2)

(61, Uz

) =
s(e1, us)
And for s(eq,v),Vv € V(Cy) \ {us, us}, we get

s(eg, ug) = min{d(ug, us), d(usz, uz)} = min{0,1} =0 3)
s(eg, ug) = min{d(ug, uy), d(ug, uz)} = min{2,1} =1 %)

Based on (2.1), (2.2), (2.3), (2.4), we obtain s(e1,v) = s(ez,v)Vv € V(Cy) \ {u1,us}. Thus, the
condition (2) in Definition 2.1 is also fulfilled. Therefore, there are equivalent edges of graph Cj.

The following proposition describes the relationship between equivalent edges of a graph and
its edge metric generator.

Proposition 2.1. If two edges e; = ua and es = ub of graph G are equivalent and W C V (G) is
an edge metric generator, then either a € W orb € W.

Proof. Suppose that W C V(@) and there are two equivalent edges of graph G, e; = wa and
e; = ub. Since e; and e, are equivalent and share a common vertex u, we have s(ej, z) = s(eq, )
forall z € V(G) \ {a, b}. By using contraposition, we will show that if a,b ¢ W, then IV is not
the edge metric generator.

Assume W = {v;|1 < i <k} € V(G) and a,b ¢ W. Construct ¥ = (vq,vs,...,v),v; € W,
then

r(el|¥) = (s(ey,v1), s(er, v2), ..., s(er,vx))
= (seq,v1), s(e2,v2), ..., (e, vx)) ; because of e; and e, are equivalent
= r(ea|¥)

Therefore, (e1|¥) = r(ez|¥). There are two edges, e1, e5, with the same representation as the ¥,
so W is not an edge metric generator. Hence, we obtain that if IV is the edge metric generator,
then a € W or b € W. Thus, the proof is complete. 0
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Proposition 2.1 shows that identifying equivalent edges in a graph helps determine its edge
metric generator. In addition, equivalent edges also relate to graph K3 + G in this paper. This is
presented in Theorem 2.1.

Theorem 2.1. If graph G is a simple graph of order n, then graph K1+ G has at least n equivalent
edges.

Proof. Assume graph G is a simple graph of n-order. Thus, graph K3 + G has a dominant vertex
because the vertex of graph K is adjacent to all of the vertices of graph G.

Suppose that V(K;) = {u} and V(G) = {v;|]1 < i < n},weget V(K 4+ G) = {u,v1,v9,...,0,}
and E(K, + G) = E(G) U {uvy, uvs, ..., uv,}. Therefore, E(K; + G) is the union of two sets,
E(G) and {uvy, uvg, . .., uv,}.

For the set {uvy, uvs, ..., uv,}, take any two edges, uv, and uvy, 1 < a,b < n,a # b. Sup-
pose e, = uv, and e, = uvy, Vo € V(K7 + G) \ {v,, vy }. Because of = # v, # vy, s0 d(v,, ) > 1
and d(vy, ) > 1. Thus, we obtain

s(eq, ) = min{d(u, x),d(vy, x)} = min{l,d(v,,z)} =1 3)
s(ep, ) = min{d(u, x),d(vy, )} = min{l,d(vp, x)} =1 (6)

By using (2.5) and (2.6), we obtain s(e,, ) = s(ep, ). According to Definition 2.1., the edges
e, and e, are equivalent. Because 1 < a,b < n, theney,es, ..., e, are equivalent edges. Therefore,
there are n equivalent edges of this set.

There are two cases of E(G), they are F(G) = @ and E(G) # 2.

Case 1. If = @ then F(K,+G) = {uwvy, uvs, . .., uv,}. Ithas been shown that uvy, uvs, . .., uv,
are equivalent edges so that there are n exactly equivalent edges in the graph K + G.

Case 2. If E(G) # @, then it can be assumed that |E(G)| = k,k > 0 so that |E(K; + G)| =
n+ k. Thus, E(K; + G) > n. Therefore, graph K + G has more than n equivalent edges because
graph G is an arbitrarily simple graph.

Based on Case 1 and Case 2, we obtain graph K; + G has at least n equivalent edges. Thus,
the proof is complete. [

In the following, we present propositions regarding the distance of a vertex to another and the
distance of an edge to a vertex on graph K; + G as the material used in determining the edge
representation to find the edge metric dimension.

Proposition 2.2. Suppose that u,v € V(K + G). If u, v are not adjacent, then d(u,v) = 2.

22



The edge metric dimension of the comb product graph |  Abdilla Nurul Azisah Mn et al.

Proof. Suppose graph G is a simple graph and u, v € V(K;+G). If u, v are not adjacent, then there
must be a w € V(K7 + G) as the dominant vertex in which d(z,w) = 1,Vx € V(K; + G) \ {w}
so that d(u,v) = d(u,w) + d(w,v) = 1+ 1 = 2. Thus, the proof is complete. O

Proposition 2.3. Assume u,v,w € V(K; + G). If e = uv, then s(e,w) < 2.

Proof. Assume a simple graph G and u,v,w € V(K; + G). If e = uv, then we get the following
cases.

Case 1. If u = w or v = w, then

Subcase 1. For u = w, we obtain

s(e,w) = min{d(u,w),d(v,w)} = min{d(w,w), d(v,w)} = min{0,d(v,w)} = 0.
Subcase 2. For v = w, we obtain
s(e,w) = min{d(u,w),d(v,w)} = min{d(u, w), d(w, w)} = min{d(u,w),0} = 0.

Based on Subcase 1 and Subcase 2, s(e, w) = 0.
Case 2. If u # v # w and the vertex u or v is adjacent to w, then
Subcase 1. For u adjacent to w, d(u, w) = 1 and d(v, w) > 1,

s(e,w) = min{d(u,w),d(v,w)} = min{l,d(v,w)} = 1.
Subcase 2. For v adjacent to w, d(v, w) = 1 and d(u,w) > 1,
s(e,w) = min{d(u,w),d(v,w)} = min{d(u,w),1} = 1.

Based on Subcase 1 dan 2, we get s(e, w) = 1.

Case 3. If u # v # w and both « and v are not adjacent to the w, then according to Proposition
2.2. s(e,w) = min{d(u,w),d(v,w)} = min{2,2} = 2.

From Case 1, 2, and 3, we obtain s(e, w) < 2. Thus, the proof is complete. O

Next, we will determine the edge metric dimension of the graph resulting from the comb prod-
uct of a cycle graph to the graph with a dominant vertex. Singh et al. [6] have found the edge metric
dimension of a graph resulting from the comb product of a cycle to the complete graph with a dom-
inant vertex. Before the main results, we determine the edge metric dimension of the comb product
graph of the cycle to the wheel graph because the wheel graph has a dominant vertex, but the edge
metric dimension has not been found. As the approach used, the wheel graph W, ,, is changed to
the form K; + G. It is found that graph G is C,, for graph W, ,,,. Thus, W, ,,, = K; + C,,,. Here
is the theorem and its proof.

Theorem 2.2. 5.(C, > (K, + Cp,)) =n(m —1),n > 3,m > 2.

Proof. Suppose that V(C,,) = {u;|]1 < i < n}and E(C,) = {&; = witi+1) mod n)|1 < 7 < n}
also V(Cy,) = {v;]1 < j < m}and E(Cr) = {f; = v9(41) (mod m)|1 < j < m}. Assume
V(K1) = {w}, we obtain:
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V<K1 + Om) = V(Kl) U V(CTI’L) = {w7U1,U2, s 7Um}
E(K;+ Cp) = E(Cy) U{wy,|1 <j<m}
= {/fj = vjv(+1) (mod m|1 < J <m}pU{wy;[l <j <m}.

Write K +C,,, as Wy ,,. On the C,, > W ,,,, the fixed vertex of W ,,, is dominant, and it is w from
graph K according to the scope of the problem. The vertex and edge set of graph C,, > W ,, are
defined as follows.

V(Che Wim) =V(C) U (U V(C)

={u|l <i<npU{vi]l <i<n1<j<m}
B(C, > W) = <>(UE«>Quwuu93muusm

_{ez—uu(ﬁ-l) (modn)|1 <1<n} '
U{f] = VV(j+1) (modm)|]— S] < m}U{Uﬂ)ﬂl <i:<n,l1 S] < m}

Graph C,, > W ,, in the figure as follows.

Figure 1. Graph C,, > Wy ,,

Then, we find the upper and lower bound of the edge metric dimension of a graph C,, > W ,,,.

The upper bound of the edge metric dimension:
1,1 1 2 .2 2 ;
Choose W = (v, Vg, ..., Uy 1, V7,05, -+, U g5, U7, 08, o op ), 05 € Cp > Wiy, Two

cases are given when the order of (), is odd or even.
Case 1. If nisodd, thenr(e;|V) = ([51],[5], ..., [51],---,2,2,...,2,1,1,...

)

2 2

\ —

TV Vv
ith (Z+1)th

SI=LIg1=L....[51=1)
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..,3,3,...

(el ¥) =
(131,180,018 22 02,11, L2,
- .,(g}),ifj:m
((T81+1,181+1,.., 181 +1,
B+ L5+ T3]+ 1),
(F81+118+ 1 13 +1,
r(fI0) = ([%1+1,(§1+1, J51+1,

\

25

(311051 + 1,0, 13] +1),
Case 2. If niseven, thenr(e;|V) = ([ 5], [5],. ..

,3,0,0,1,2,2,...,2,3,3,...,3, ..

*

3,3,...,3,...,[g1+1,(g1+1,...,[g1+1),ifzgjgm—?).

ith
.3,2,2,...,2,1, 0 1,2,....2,
—~ ~~
Gy

°

cy3y3,...0,3,2,2,...,2,1,0,0,3,3,...,3, ...,
~- _
ifj=m-—2.
cy 33,0, 3,1,2)20...,2/1,0,3,3,...,3, ..
< ~- ,
ifj=m-—1.

.3,3,...,3,0,1,2,2,..,2,1,3,3,...3,.._,

ith

2,202,110 1,110,122,
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([g],[g},...,(g},...,2,2,...,2,1,1,... 0 ,...,1,2,2,...,2,

r(ef|w) =
U@Jﬁ,HJQ,HJJWWZLL“WLZZHWZHW@]—L
,L'th
311, (3] —1) it =m
r(ﬁ+4jﬁ+4,njﬁ+L“W&&“waaaLzzm@33wwanw
ith
31,181, [41), if 5 =
([g—|+17[g—|+17 ’I’g—|+1’ 73737 737272’ 72717\0;7\0;’1727"'72’
jth (j+1)th
ith
3737 737 7’7%—‘7[%—‘7 7[%—‘)7 1f2§j<m_3
i 2]+ L2 +1,. ., 2]+ 1,...,3,3,...,3,2,2,..,2,1,0,0,3,3,....3, ...,
r(fiv) = (2 2 2 /

ith

(g1+Lg1+L”w@1+Luwaauqagzz“w1Lg&&“W&”w

sth

(f%}+1,f§1+1,...,f%1—|—1,...,3,3,...,3,9,1,2,2,...,2,11,3,3,...,3,...,

ith

151150, [31), ifj = m.

The edge representation differ in all cases, hence the constructed set forms an edge metric
generator of size n(m — 1). Therefore, 5.(C,, > W1 ,,) < n(m —1).

The lower bound of the edge metric dimension:
It will be shown that there is no edge metric generator with a cardinality smaller than n(m — 1) in
a graph C,, > Wy ,,.
Assume there is W/ C V(C,, > W ,,) edge metric generator and |[W’| < n(m — 1).
Note that the edges ¢} = u! € E(W' C V(C,, > Wiy,)) for certain ¢ with 1 < j < m are
equivalent edges. Therefore, the number of equivalent edges is m for certain i € (1,2,...,n). If
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W’ is the edge metric generator, by using Proposition 2.1., then Vi € (1,2,...,n), there is at most
one j such that v} ¢ W'
Thus,

W' > [V(Cy)|[V(C (ZW )il = 1V (Cr »)

n

= V(C)IIV(Con)l = DIV (Coil = (IV(Cr)il = 1)

=1

It is obtained that |[IW’/| > n(m — 1) and contradicted by |W’| < n(m — 1). Thus, there is no
edge metric generator with a cardinality smaller than n(m — 1) for this graph. Hence, we obtain
BV (Cp, > Wi ) > n(m — 1). The proof is complete. O

The edge metric dimension of the comb product of the cycle to the wheel graph in Theorem
2.2. is equal to the edge metric dimension of the French cycle windmill found by [6] if the order
of the graph was the same. The main finding is that the complete [6] and the wheel graph will
be replaced by a generally simple graph with a dominant vertex. Thus, this theorem establishes
the edge metric dimension of the graph resulting from the comb product of the cycle graph to the
simple graph with a dominant vertex.

Theorem 2.3. If graph G is a simple graph, then B.(C,, > (K; + G)) = n(|V(G)] —1),n >
3, V(@) = 2.

Proof. Assume V(C,,) = {u;|1 < i < n} with E(C,) = {€; = wti+1) (mod n)|1 < @ < n} also
the order of simple graph G is m and V' (G) = {v;|1 < j < m}. Suppose that V (K;) = {w}, it is
concluded:
V(Ki+G)=V(K;)UV(G)
E(Ki+G) = E(G)U{wy,|1 <j<m}.

Assume K + G = G. On graph C), > G, the fixed vertex of G is the dominant vertex w from
graph K by the scope. The vertex and edge set of graph C), > G are defined as follows.

V(Cy 1> G) = V(Cp) U ([_] V(Gi))
:{ui\lgigz;L}U{vﬂlgign,lgjgm}
E(C, > G)=E(C,) U <LnJ E(Gz)) U{uwj]l <i<n,1<j<m}

= {€; = UU(i4+1) (mod my|1 <7 <}
U{ely, = vivg| for a certain j, k } U {e} = u0f|1 < i <n,1 < j < m} in which
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i€ (1,2,...,n)and j € (1,2,...,m).

Following is the figure of graph C), > G.

= The possibility of an edge

Figure 2. Graph C,, > G

Now, we find the upper and lower bound of the edge metric dimension of a graph C,, > G.
The upper bound of the edge metric dimension:

Choose W = (v], vy, ..., Uy 1, 05,05, ..., Vo1, ., 00,08, ... 0n )05 € Cp > G. In two
cases, the order of C,, is odd or even.
Case 1. If n is odd, then
rle| V) = (51,151, [5]--,2,2,...,2,1,1,...,1,1,1,...,1,2,2,...,2,..,
ith (zg)“b
(%—‘_17(%-‘_177(%—‘_1)
((g],(g},...,(51,...,2,2,...,2,1,1,..., 0 ,....1,2,2,...,2
jth
ith

r(e§»|\lf) =
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4
(f%1+1,(%1+1,...,(g1+1,...,3,3,...,3,

az‘ﬂ,xiz,...,\()/_/,...,
jth Ekth

-~

[\

ith

-.,(%1+1),ifj7ék7ém.
r(e| V) =
(f%Hl,(%Hl,...,(g}+1,...,3,3,...,3,
Tily Ti2y - - -y

J/

ith
[31+1), itk =m.
Note: 0 <\ Z;p < 2 (Based on Proposition 2.3)
Case 2. If n is even, then

r(ei]\II):([g},[%],...,(%L...,Q,Q,...,Q,l,l,...,11,1,1,...,1,2,2,...

.
(’7517’7517 7’V§—|7 72727 7271717 '7\0 PN 7172727
jth
ith

r(e;V) =

29

0, s Tim—2),3,3,...,3,.... [5]| +1,[5] +1,

"7xi(’m—2)73a37"'73a"'7’—%-I+17[%-|+17"'7

L[5l =1,
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(f%1+1,(%1+1,...,(g}+1,...,3,3,...,3,

xilaxi%"-;‘o,7"'7\0,7' w(m 2)337 737" 7[%—‘5[%—‘7
jth kth

(.

ith
< [31)s i £ k£ m
r(e5| V) =
<f%1+1, [21+1,...,[2]1+1,...,3,3,...,3,
T, Tigy -5 0 ,...,xi<m_2),3,3,...,3,...,(g},(g},...,[ﬁ)’

jth
A g
Vv

ith

| if & =m.

Note: 0 < x4, < 2 (According to Proposition 2.3)

The edge representation differ in all cases, hence the constructed set forms an edge metric
generator of size n(m — 1). Therefore, 3.(C,, > (K; + G)) < n(m — 1).

The lower bound of the edge metric dimension:

Now, we will prove that there is no edge metric generator that has cardinality smaller than
n(m — 1) on a graph C,, > (K; + G), in which G is a simple graph that has order m.
Assume there is an edge metric generator W/ C V(C,, > (K, + G)) in which |[W’| < n(m — 1).

Remember that the edges ¢! = u;v} € E(C,, > (K; + G)) for a certain 4 also 1 < j < m are
equivalent. In other words, the number of equivalent edges is m for a certain ¢ € (1,2,...,n). W’
is the edge metric generator so that Vi € (1,2,...,n), there is at most one j such that v} ¢ T’
according to Proposition 2.1.

Assume a; = |V (G;)| — 1, we obtain

(W = V(C)HIIV(G |—<Z!V \—%)
= [V(C)I[V(G \—Z\V )l = V(G -1)

Thus, |W’| > n(m — 1). The contradiction happens because of |W’'| < n(m — 1). Therefore,
none of the edge metric generators has a cardinality smaller than n(m — 1). We conclude S, (C,, >
(K14 G)) >n(m—1).

According to the upper and lower bound of the edge metric dimension, we conclude that 3. (C,, >
(K1 4+ G)) = n(m — 1). Since |V(G)| = m, we obtain 5.(C,, > (K1 + G)) = n(|V(G)| — 1).
Thus, the proof is complete. [
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The finding of Singh et al. [6] can be obtained from Theorem 2.3. The graph used by Singh et
al. [6] is graph C,,, > (K, +G) with G = K,,_; sothat 5, (C,,, > (K1 + K,,—1)) = m(V (K1) —
1) =m((n —1) — 1) = m(n — 2). This also applies to other special graphs that have a dominant
vertex, such as star Sy ,,, wheel W ,,,, and fan graph F ,,,. B.(Cy, > S1m) = Be(Cr, > Fi ) =
Be(Cp > Wi ) = n(m—1) because Sy, = K1 +mKy, Fi = K1+ P, and Wy, = Ky +C,.

If K, + G = G for the simple graph G, then we know that graph Gisa simple graph that has
a dominant vertex and we get 3.(C,, > G) = n((|[V(G)] = 1) = 1) = n(|[V(G)| — 2). So, the edge
metric dimension of a graph resulting from the comb product of a cycle graph to the graph with a
dominant vertex is the product of the cardinality of the cycle graph and the cardinality of a graph
with a dominant vertex that has been reduced by 2.

3. Conclusion

The edge metric dimension of a graph resulting from the comb product of a cycle graph to the
graph with a dominant vertex is the product of the cycle graph cardinality, and the cardinality of
a graph with a dominant vertex is reduced by 2. This result generalizes and includes the result of
Singh et al. [6] as a special case. Future research could explore comb products where the second
factor lacks a dominant vertex, or analogous results for vertex metric dimensions.
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