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Abstract

Let G = (V,E) be a simple undirected graph. A labeling f : V (G) → {1, . . . , k} is a local inclu-
sive d-distance vertex irregular labeling of G if every adjacent vertices x, y ∈ V (G) have distinct
weights, with the weight w(x), x ∈ V (G) is the sum of every labels of vertices whose distance
from x is at most d. The local inclusive d-distance vertex irregularity strength of G, lidis(G), is
the least number k for which there exists a local inclusive d-distance vertex irregular labeling of G.
In this paper, we prove a conjecture on the local inclusive d-distance vertex irregularity strength
for d = 1 for tree and we generalize the result for block graph using the clique number. Further-
more, we present several results for multipartite graphs and we also observe the relationship with
chromatic number.
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1. Introduction

Let G be undirected and simple graph. For a vertex set U ⊆ V (G), the set N [U ] is the inclusive
neighborhood of U . If U = {v}, we simply write N [v]. Let ω(G) be the clique number of G and
χ(G) be the chromatic number of G.
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Initially, Chartrand et al. [3] introduced a labeling f : E(G) → {1, . . . , k}, with k positive
integer, to be irregular labeling if for every distinct u, v ∈ V (G), w(u) ̸= w(v), with w(u) is the
sum of all labels in edges incident to u. The least number k satisfying the condition above is called
irregularity strength of G. Some results regarding to irregularity strength of graphs may be seen in
[5].

Then, Slamin [6] introduced a variant of labeling called distance irregular labeling. A labeling
f : V (G) → {1, . . . , k}, for positive integer k, is a distance irregular labeling if for every distinct
u, v ∈ V (G), w(u) ̸= w(v), with w(u) =

∑
v∈N(u) f(v). The minimum integer k satisfying such

labeling f is called distance vertex irregularity strength of G. Then Bong et al. [2] generalizes
the labeling into two version, inclusive d-distance irregular labeling and non-inclusive d-distance
irregular labeling. If d = 1, then non-inclusive 1-distance irregular labeling is the same as the one
introduced by Slamin [6]. Meanwhile, the weight of u ∈ V (G) in inclusive 1-distance irregular
labeling is w(u) = f(u) +

∑
v∈N(u) f(v) (or simply put, w(u) =

∑
v∈N [u] f(v)). Some results

regarding to non-inclusive and inclusive 1-distance irregular labeling can be seen in [1, 7].
Sugeng et al. [8] introduced a weaker version of inclusive d-distance irregular labeling. A

labeling f : V (G) → {1, . . . , k}, with positive integer k, is local inclusive d-distance irregular
labeling of a graph G if all two adjacent vertices u, v ∈ V (G) have distinct weights, with the
weight w(u), u ∈ V (G) is the sum of every labels of vertices whose distance from u is at most d.
The least number k for which there exists a local inclusive d-distance vertex irregular labeling of G
is called the local inclusive d-distance vertex irregularity strength of G, denoted by lidis(G). Other
authors refer local inclusive d-distance vertex irregular labeling as inclusive lucky labeling when
d = 1 [4]. Throughout this paper, we discuss local inclusive d-distance vertex irregular strength of
G for d = 1. For convenience, we always refer local inclusive distance vertex irregularity strength
as LIDIS.

If there does not exists k for a local inclusive 1-distance irregular labeling for G then it is
defined lidis(G) = ∞. A characterization of G with lidis(G) = ∞ have been determined by [8]
written in Theorem 1.1. For convenience, we say graph G to be locally irregular if every two
adjacent vertices have different degrees, otherwise the graph is called non locally irregular. Using
this notation, we write this characterization result of [8] in Theorem 1.2. In Figure 1 we give
an example of a local inclusive distance vertex irregular labeling on an locally irregular graph G.
Since lidis(G) is a positive integer, we also have Corollary 1.1.

Theorem 1.1 ([8]). For a graph G, it holds that lidis(G) = ∞ if and only if there exists an edge
uv ∈ E(G) such that N [u] = N [v].

Theorem 1.2 ([8]). Let G be a graph. Then lidis(G) = 1 if and only if G is locally irregular.

Corollary 1.1 ([8]). Let G be a graph. Then lidis(G) ≥ 2 if and only if G is non locally irregular.

In section 2, we present a proof of conjecture given by [8] whether the value of lidis(T ) would
only yield 1 or 2 if T is a tree, a special case of block graph. Moreover, we improve the results of
[8] regarding to LIDIS of complete multipartite graphs Kn1,n2,...,nm . In addition, we also determine
the strength of certain bipartite graphs.
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Figure 1. Local inclusive distance vertex irregular labeling on an locally irregular graph G with lidis(G) = 1.

2. Local Inclusive Distance Vertex Irregularity Strength of Block Graphs

A conjecture has been stated in [8] as follows.

Conjecture 1. [8] For arbitrary tree T with T ̸= K2, lidis(T ) = 1 or 2.

We confirm this conjecture to be true by the following theorem.

Theorem 2.1. For any tree T other than K2, we have

lidis(T ) =

{
1, if T is locally irregular,
2, otherwise.

Proof. If G is locally irregular, then according to Theorem 1.2 lidis(G) = 1. Otherwise, observe
the following algorithm.

1. Pick any vertex s ∈ V (T ).
2. Label vertex s and all vertices adjacent to s with 1.
3. For every vertex v having a label but adjacent to an unlabeled vertex, there exists u a labeled

vertex adjacent to v. Then, check the following
(a) If w(u) − f(u) − f(v) ̸= deg(v) − 1, then label all unlabeled vertices adjacent to v

with 1.
(b) Otherwise, label any adjacent unlabeled vertex of v with 2 and label all other vertices

adjacent to v (if it exists) with 1.

The process eventually terminates, giving all vertices with labels either 1 or 2 while keeping
weights of adjacent vertices to be distinct. Therefore, lidis(T ) = 2.

In Figure 2 we give an example of a local inclusive distance vertex irregular labeling on a non
locally irregular tree T .

A clique subgraph is defined to be safe if the clique has at most one vertex which is not a cut-
vertex. A vertex v is called fixed if v and all adjacent vertices to v has a label (otherwise it is called
unfixed). Notice that if a graph G has a clique which is not safe, then there exists two vertices in
the clique satisfying the condition of Theorem 1.1 which implies lidis(G) = ∞. In Theorem 2.2,
we give the lidis upper bound for block graphs G when lidis(G) is finite.

Theorem 2.2. For any block graph G whose cliques are safe, we have

lidis(G) ≤ ω(G).
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Figure 2. Local inclusive distance vertex irregular labeling on a tree T with lidis(T ) = 1.

Proof. If G is locally irregular, then according to Theorem 1.2 lidis(G) = 1. Otherwise, observe
the following algorithm.

1. Pick any vertex s ∈ V (G).
2. Label vertex s and all vertices adjacent to s with 1.
3. Find a clique C which consists of fixed vertices u and unfixed vertices v in the clique.
4. Compile the degrees of all unfixed vertices v ∈ C and create a monotone increasing sequence

of the degrees D.
5. For every unfixed vertices v ∈ C, set i = 1. Check the following with the order of D

(a) If w(u) −
∑

c∈C f(c) ̸= deg(v) − |C| + i, for all fixed vertices u ∈ C, then label all
unlabeled vertices adjacent to v with lowest value as possible such that the sum is equal
to deg(v)− |C|+ i. Now, the vertex v is a fixed vertex.

(b) Otherwise, increase i to i+ 1 and repeat the step (a).
6. If there exists a clique C which still consists of fixed vertices u and unfixed vertices v in the

clique, repeat step 4.

The process eventually terminates, giving all vertices with labels at most ω(G) while keeping
weights of adjacent vertices to be distinct. Therefore, lidis(G) ≤ ω(G).

In Figure 3 we give an example of a local inclusive distance vertex irregular labeling on a block
graph G.

An interesting special case of block graph is Km ⊙ K1. It can be shown that if a graph G
contains Km ⊙K1 in some way, we can find the lower bound of lidis(G).

Theorem 2.3. Let G be a non locally irregular block graph. If for some U ⊆ V (G) with m = |U |,
G contains induced subgraph N [U ] which is isomorphic to Km ⊙K1 then

lidis(G) ≥ m.
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Figure 3. Local inclusive distance vertex irregular labeling on a block graph G with lidis(G) ≤ 5.

Proof. Suppose f be local inclusive distance vertex irregular labeling of G. For i ∈ {1, · · · ,m},
let vi be vertices of induced subgraph N [U ] which are not pendants and pi be pendants which are
only adjacent to vi. In order to vi, vj be pairwise distinct for j ∈ {1, · · · ,m}, we have∑

v∈NG[vi]

f(v) ̸=
∑

v∈NG[vj ]

f(v)

f(pi) +
m∑
k=1

f(vk) ̸=
m∑
k=1

f(vk) + f(pj)

f(pi) ̸= f(pj)

Hence, f(pi) ̸= f(pj) for all distinct i, j ∈ {1, · · · ,m}. This implies that there exists j such that
f(pj) ≥ m. Consequently, lidis(G) ≥ m.

Some graphs meet the equality conditions of Theorem 2.2 and Theorem 2.3. This result is
depicted on the proceeding corollary.

Corollary 2.1. Let m be positive integer and G(m) be collection of block graphs (may be trivial)
with ω(Gi) ≤ m for every Gi ∈ G(m). If the graph G is obtained from Km ⊙K1 where each of
its pendant is identified with a vertex of Gi ∈ G(m), then

lidis(G) = m.

Proof. From the construction of G, it is obvious that ω(G) = m and Km⊙K1 exists as an induced
subgraph N [U ] in G for some U ⊆ V (G). Apply Theorem 2.2 and Theorem 2.3 on G.
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Figure 4. Local inclusive distance vertex irregular labeling on K5 ⊙K1 with lidis(K5 ⊙K1) = 5.

In Figure 4 we give an example of a local inclusive distance vertex irregular labeling on K5 ⊙
K1.

Another property which is interesting to discuss is how is the relationship between (finite)
lidis(G) and χ(G). For some classes of graph, such as locally irregular tree, cycle [8], and Kn⊙K1,
where both of the numbers are equal. However, we can find a block graph which tells us that the
difference χ(G) and lidis(G) can be arbitrarily large. Consider a block graph G obtained from a
complete graph Kn with V (Kn) = {vi | i ∈ [1, n]} where every vi is adjacent with i pendants.
It can be seen that the graph G is locally irregular, hence lidis(G) = 1. However, the graph G
contains a complete subgraph Kn implying χ(G) = n.

Remark 2.1. The value χ(G)− lidis(G) can be arbitrarily large.

Meanwhile, we have not found any graphs G having lidis(G) larger than χ(G). It is an open
problem to find an existence of graphs satisfying this condition.

Problem 1. Does there exists a graph G with lidis(G) < ∞ such that χ(G) < lidis(G)?

3. Local Inclusive Distance Vertex Irregularity Strength of Complete Multipartite Graphs

In [8] Sugeng et al. gave a theorem about the lidis number for complete multipartite graphs.
But in this theorem we proved a different result.

Theorem 3.1. For complete multipartite graphs Kn1,n2,...,nm , we have

lidis(Kn1,n2,...,nm) =


∞, if 1 = n1 = n2,

1, if n1 < n2 < · · · < nm,⌈
m−1
⌊n
2
⌋

⌉
+ 1, if 2 ≤ n1 = n2 = · · · = nm.

Proof. Let us denote the vertices in the independent set Vi, i = 1, 2, . . . ,m of a complete multi-
partite graph Kn1,n2,...,nm by symbols vi,1, vi,2, . . . , vi,ni

. If 1 = n1 = n2 then for u, v vertices of
the graph N [u] = N [v]. Thus, by Theorem 1.1 lidis(Kn1,n2,...,nm) = ∞. If n1 < n2 < · · · < nm
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then the graph is locally irregular. By Theorem 1.2 we obtain lidis(Kn1,n2,...,nm) = 1. If 2 ≤ n1 =
n2 = · · · = nm = n consider a vertex labeling f of Kn1,n2,...,nm defined as follows

f(vi,j) =

{⌈
i−1
⌊n
2
⌋

⌉
, for j ≤ n− c,⌈

i−1
⌊n
2
⌋

⌉
+ 1, for j > n− c.

with

c =

{
2(i− 1 mod ⌊n

2
⌋), for i ̸≡ 1 (mod⌊n

2
⌋),

n, for i ≡ 1 (mod⌊n
2
⌋).

for i = 1, 2, . . . , n and j = 1, 2, . . . ,m. Note that in Kn1,n2,...,nm , every vertex vi,j is adjacent
to every other vertex except the ones in Vi. Therefore, to simplify the weight calculation, we
introduce another function w∗(vi,j) =

∑
v∈Vi

f(v)− f(vi,j). With this function, the vertex weight
w(vi,j) =

∑
v∈V f(v)− w∗(vi,j). For any vertex vi,j in the vertex set we get that

w∗(vi,j) =


(n− 1)

⌈
i−1
⌊n
2
⌋

⌉
+ 2(i− 1 mod ⌊n

2
⌋)− 1, for j ≤ n− c and i ̸≡ 1 (mod⌊n

2
⌋),

(n− 1)
⌈
i−1
⌊n
2
⌋

⌉
+ 2(i− 1 mod ⌊n

2
⌋), for j > n− c and i ̸≡ 1 (mod⌊n

2
⌋),

(n− 1)(
⌈
i−1
⌊n
2
⌋

⌉
+ 1), for i ≡ 1 (mod⌊n

2
⌋),

Therefore, it is clear that w∗(vi,j) will be distinct for vertices from different partite sets. Thus, we
obtain that the vertex weight are distinct for every adjacent pair of vertices.

In Figure 5 we give an example of a local inclusive distance vertex irregular labeling on an
K4,4,4.

Figure 5. Local inclusive distance vertex irregular labeling on K4,4,4 with lidis(K4,4,4) = 2.

4. Local Inclusive Distance Vertex Irregularity Strength of Certain Bipartite Graphs

The set of vertices V of a bipartite graph can be divided into V1 and V2, such that all edges only
incident to exactly one vertex in V1 and one vertex in V2. Sugeng et al. [8] have determined the
lidis(G) when G is a complete bipartite. In the following theorem, we provide the strength when
the bipartite graph G is regular.
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Theorem 4.1. For a regular bipartite graphs G other than K2, we have lidis(G) = 2.

Proof. The graph G is clearly non locally irregular, therefore, lidis(G) ≥ 2. Since G is a bipartite
graph, we can create a partition of vertices V (G) = V1 ∪ V2 such that all edges e = v1v2 ∈ E(G)
satisfying v1 ∈ V1 and v2 ∈ V2. Define a labeling f : V (G) → {1, 2} as follows.

f(v) =

{
1, if v ∈ V1,

2, if v ∈ V2.

We know that G is regular, hence there exists an positive integer r ≥ 2 such that deg(v) = r for
all vertices v ∈ V (G). By evaluating, we have

w(v) =

{
1 + 2r, if v ∈ V1,

2 + 1r, if v ∈ V2.

We conclude that lidis(G) = 2.

Some special cases of graphs which belongs to Theorem 4.1 can be seen in proceeding corol-
laries.

Corollary 4.1. Let n ≥ 3. For hypercubes Qn, we have lidis(Qn) = 2.

Corollary 4.2. Let n ≥ 4 be an even integer. For prisms Dn, we have lidis(Dn) = 2.

Corollary 4.3. Let n ≥ 3 be an odd integer. For möbius ladders M2n, we have lidis(M2n) = 2.

The other result revolves bipartite graphs which have even degrees for one of the partition. This
result is established in the following theorem.

Theorem 4.2. Let G be a non locally irregular bipartite graph with V (G) = V1∪V2 as a partition
of the vertices. If deg(v2) is even for every v2 ∈ V2, we have lidis(G) = 2.

Proof. Define a labeling f : V (G) → {1, 2} as follows.

f(v) =

{
1, if v ∈ V1,

2, if v ∈ V2.

Notice that for every v1 ∈ V1, w(v1) = 1 + 2deg(v1), implying w(v1) would always be an odd
number. Meanwhile, for every v2 ∈ V2, w(v2) = 2 + deg(v2). Since deg(v2) is even, w(v2)
would always yield an even number. Therefore, weights of adjacent vertices are pairwise distinct
implying lidis(G) = 2.

Let Sm(G) be a graph obtained by splitting every edge in the graph into m+ 1 edges which is
incident to new vertices.
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Corollary 4.4. Let m be an odd positive integer. For every graph G, we can obtain the subdivided
graph Sm(G) satisfying

lidis(Sm(G)) =

{
1, if m = 1 and for every v ∈ V (G), deg(v) ̸= 2,

2, otherwise.

Proof. If for every v ∈ V (G), deg(v) ̸= 2, then S1(G) is an locally irregular graph. We can apply
Theorem 1.2 to conclude that lidis(Sm(G)) = 1. Otherwise, Sm(G) is non locally irregular. Since
Sm(G) is bipartite, we can apply Theorem 4.2 to have lidis(Sm(G)) = 2.

Theorem 2.1, Theorem 4.1, and Theorem 4.2 revolve around determining lidis(G) for bipartite
graphs G. All of these cases of bipartite graphs G ensure that lidis(G) ≤ 2. This motivates us to
state a conjecture as follows.

Conjecture 2. If G is a bipartite graph other than K2, then lidis(G) = 1 or 2.
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tance vertex irregular graphs, Mathematics 9(14) (2021) 1673.

271


