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Abstract

For a graph G = (V, E') embedded in the projective plane, let 7 (G) denote the set of faces of
G. Then, G is called a C,-face-magic projective graph if there exists a bijection f : V(G) —
{1,2,...,|V(G)|} such that for any F' € F(G) with F' = C,, the sum of all the vertex labels
around C, is a constant .S. We consider the m x n grid graph, denoted by P, ,,, embedded in the
projective plane in the natural way.

Let m > 3 and n > 3 be odd integers. It is known that the Cy-face-magic value of a C-
face-magic labeling on P, , is either 2mn + 1, 2mn + 2, or 2mn + 3. The characterization of
Cy-face-magic labelings on P, ,, having C,-face-magic value 2mn + 2 is known. In this paper,
we determine a category of C,-face-magic labelings on P, ,, for which the Cy-face-magic value is
either 2mn + 1 or 2mn + 3. It is conjectured that these are the only C4-face-magic labelings on
Pp.n having Cy-face-magic value 2mn + 1 or 2mn + 3.
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1. Introduction

Kotzig and Rosa introduced graph labelings [14] in 1970. Graph labelings have a number of
interesting applications such as radar pulse code designs, communication network models, X-ray
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crystallography, and graph decomposition problems. We direct readers to J. A. Gallian’s dynamic
survey on graph labelings [11] for further inquiry.

Readers should consult Chartrand, Lesniak, and Zhang [5] for concepts and notation not ex-
plicitly defined in this paper. We investigate C';-face-magic labelings on the projective grid graph
in this paper. Let G = (V, E') be a planar (toroidal, Klein bottle, projective) graph, and let F(G)
denote the set of faces of G. Then, G is called a C),-face-magic planar (toroidal, Klein bottle,
projective) graph if there exists a bijection f : V(G) — {1,2,...,|V(G)|} such that for any
F € F(G) with F' = C,,, the sum of all the vertex labels around C, is a constant S. We call the
constant S a C,,-face-magic value of G. More generally, C,,-face-magic planar graph labelings are
a special case of (a, b, ¢)-magic labelings introduced by Lih [15]. For a, b, c € {0,1}, an (a, b, ¢)-
magic labeling is a bijective assignment of the elements of the set {1, 2, ...,a|V| + b|E| + ¢|F|}
to the vertices, edges, and faces of G = (V, E, F) that assigns a labels to each vertex, b labels
to each edge, and c labels to each face such that the sum of labels for each face (including ver-
tices, edges, and the face itself) is constant. For assorted values of a,b and ¢, Baca and others
[1, 2, 3, 12, 13, 15] have analyzed the problem for various classes of graphs. Wang [16] showed
that the toroidal grid graphs C,, x C,, are antimagic for all integers m,n > 3. Recall that an an-
timagic labeling is a bijective assignment of the set {1,2,...,|E|} onto the edges of G such that,
for every vertex, the sum of the labels on edges incident to the vertex is unique. Butt et al. [4]
investigated face antimagic labelings on toroidal and Klein bottle grid graphs; they found bijective
assignments of the elements from the set {1,2,..., |V |+ |E|+ |F|} onto V U E'U F such that the
induced face labels, formed by the sum of the labels on all vertices and edges incident to the face
and the label on the face itself, produce arithmetic sequences with various common differences.

Curran, Low and Locke [6, 7] examined C,-face-magic toroidal labelings on an m x n toroidal
grid graph. They showed that C),, x C,, admits a C';-face-magic toroidal labeling if and only if
either m = 2, or n = 2, or both m and n are even. Curran, Low and Locke [8] also investigated
Cy-face-magic Klein bottle labelings on an m x n Klein bottle grid graph. They showed that an
m x n Klein bottle grid graph admits a C;-face-magic Klein bottle labeling if and only if n is even.

Curran [9] showed that an m x n projective grid graph admits a C4-face-magic projective
labeling if and only if either both m and n are even, or both m and n are odd. On one hand, when
m and n are even, the Cs-face-magic value of a C;-face-magic labeling on an m X n projective
grid graph is 2mn + 2. On the other hand, when m and n are odd, the Cy-face-magic value of a
C,-face-magic labeling on an m X n projective grid graph is either 2mn + 1, 2mn + 2, or 2mn + 3.
When m and n are odd, the C,-face-magic projective labelings on P,, ,, having C,-face-magic
value 2mn + 2 were characterized in [9]. In this paper, we determine a category of the C';-face-
magic labelings on P, ,,, for m and n odd, having Cy-face-magic value 2mn + 1 or 2mn + 3.
We conjecture that these are the only Cy-face-magic labelings on P,, ,,, for m and n odd, having
C,-face-magic value 2mn + 1 or 2mn + 3.

2. Preliminaries

In this section we introduce definitions and known results about C'y-face-magic projective la-
belings on an m X n projective grid graph.
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Figure 1. 7 x 7 projective grid graph Pr 7.

Definition 2.1. Suppose m and n are integers such that m,n > 2. The m X n projective grid
graph, denoted by P, ,,, is the graph with vertex set given by

V (Prnn) =1{0,7) : 1<i<m, 1 <j<nj,
and with edge set consisting of the following edges:
* there is an edge from (i,j) to (i + 1,j), for l<i<m—1land1 < j<n,
* there is an edge from (m,j) to (1,n+1—j), for1 < j < n,
* there is an edge from (i,j) to (i,j + 1), for Ll <i<mand1 < j<n-—1,and
(

* there is an edge from (i,n) to (m+1—1i,1), for 1 <i < m.

The graph P, ,, has a natural embedding in the projective plane. Since there are double edges on
the vertex sets {(1,1), (m,n)} and {(m, 1), (1,n)}, Pp. is a multigraph.

Example 2.1. The 7 x 7 projective grid graph Py 7 is illustrated in Figure 1. Due to the orientation
of the vertices in P,, ,, we refer to the vertices {(4,j) : 1 < j < n} as column i of V(P,,,,) and
{(G,7) 1 <i<m}asrow j of V(Ppn)-

The following result determines when P,, ,, admits a Cs-face-magic projective labeling.

Lemma 2.1 ([9], Lemma 2.4). Suppose m and n are integers such that m,n > 2. Then P,,,
admits a Cy-face-magic projective labeling if and only if m and n have the same parity.
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Furthermore, one can determine the possible Cy-face-magic values of a Cy-face-magic projec-
tive labeling on Py, ,,. The next lemma determines the C-face-magic value of a C,-face-magic
projective labeling on P, ,, when m and n are even integers.

Lemma 2.2 ([9], Lemma 2.5). Suppose m > 2 and n > 2 are even integers. Let {z;; : (i,]) €
V(Pmn)} be a Cy-face-magic projective labeling on Py, , with Cy-face-magic value S. Then
S =2mn+ 2.

In fact, when odd integers m and n, one can determine the digon face sum values on the digon
vertex sets {(1,1), (m,n)} and {(m1),(1,n)} of Py, .

Lemma 2.3 ([9], Lemma 2.6). Suppose m > 3 and n > 3 are odd integers. Let {x;; : (i,7) €
V(Pmn)} be a Cy-face-magic projective labeling on P, ,, with Cy-face-magic value S. Let Dy =
21,1 + Ty and Dy = . 1 + 1, be the face sums of the two digons constructed from the pair of
vertices at opposite corners of Py, . Then either

1. S:2mn+1andD1:D2:%mn+%,
2. S=2mn+2and Dy = Dy =mn + 1, or

3. S=2mn+3and Dy = Dy = imn + 2.

Example 2.2. Figure 2 illustrates a C;-face-magic projective labeling on the 7 x 7 projective grid
graph Pz 7 such that the Cs-face-magic value is 101 and the digon face sum is D; = Dy = 26.

For odd integers m > 3 and n > 3, the Cs-face-magic projective labelings on P,, ,, having Cj-
face-magic value 2mn+-2 were characterized in [9]. The statement of this characterization involves
several technical definitions. So, we refer the reader to [9] for the details of this characterization.
However, it is relatively easy to count the number of distinct C;-face-magic projective labelings
on P, , having Cy-face-magic value 2mn + 2. We need the following definition in order to state
this result.

Definition 2.2. Suppose there exists a positive integer k such that one of the two following condi-
tions hold.

1. There are factorizations of m = mims...m; and n = niny...ny where m; > 1 and
n; > 1foralll <i<k.

2. There are factorizations of m = mimj, ... mymy., and n = ninj . ..ny, where m; > 1 for
alll <i<k+1,andn,>1foralll <i<k.

We say that (my,n1,ma, Mo, ..., My, Ng) is an (m, n)-projective factorization sequence of length
2k. Also, we say (m', n,mh,n, ... ,mj,ny, mj_ ) is an (m,n)-projective factorization sequence
of length 2k + 1. For convenience, we let nj_ , = 1 and refer to (m',ny, my,ny, ..., mj .,
ny.,) as an (m,n)-projective factorization sequence of length 2k + 1. In addition, we say that
(my,n1,ma,ng, ..., my,ny) and (M, n|,mh,n, ... ,my ,n, ) are (m,n)-projective factor-
ization sequences.

Furthermore, we let T(m,n) denote the number of distinct (m,n)-projective factorization se-
quences.
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Figure 2. Cy-face-magic projective labeling on P7 7 having C4-face-magic value 101.

The next result provides the number of distinct Cy-face-magic projective labelings on P,, ,,
having Cy-face-magic value 2mn + 2 for distinct odd integers m and n.

Theorem 2.1 ([9], Theorem 3.40). Let m > 3 and n > 3 be distinct odd integers. Then the number
of distinct Cy-face-magic projective labelings on P, ,, having Cy-face-magic value 2mn + 2 (up
to symmetries on the projective plane) is

(T(m,n) + 7(n,m)) om/2+n/2=3 (.

The number of distinct Cy-face-magic projective labelings on P,,,, having C4-face-magic
value 2m? + 2 for an odd integer m is stated below.

Theorem 2.2 ([9], Theorem 3.41). Let m > 3 be an odd integer. Then the number of distinct Cy-
face-magic projective labelings on P,, ,, having C,-face-magic value 2m? + 2 (up to symmetries
on the projective plane) is
m—3 m—1 2
7(m, m) 2" ("))

We now direct our attention to Cy-face-magic labelings on P,,,, with C,-face-magic value
2mn + 1 or 2mn + 3.

Definition 2.3. Let X = {z;; : (1,7) € V(Pnn)} be a Cy-face-magic projective labeling on
Pinn. We define a labeling Y on P, ,, given by

i =mn+1—ua,; forall (i,j) € V(Pun)-
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We say that Y is the order plus one complement of X labeling on 'P,, ,. We call the transformation
C(X) =Y the order plus one complement labeling transformation.

Proposition 2.1. Let X = {x;; : (i,7) € V(Pmn)} be a Cy-face-magic projective labeling on
Pon.n with Cy-face-magic value S. Then the order plus one complement of X labeling Y = C(X)
on Py, ,, is a Cy-face-magic projective labeling on P, ,, with Cy-face-magic value 4mn + 4 — S.

Proof. Let (i1, 1), (i2, ja), (i3, j3), and (i4, js) be the vertices of any Cy-face on P, ,,. Then

4
E :xik,jk = 5.
k=1

Thus, the order plus one complement of X labeling Y = C(X) satisfies

4

4
Zyik,jk = Z(mn +1-— xlkjk) =4mn+4 — S.
k=1 k=1

Since h : {1,2,...,mn} — {1,2,...,mn} defined by h(x) = mn + 1 — x is a bijection, so is
f:V(PnxP,) = {1,2,...,mn} defined by f(i,7) = h(x;;). O

Remark 2.1. We observe that C(C(X)) = X for all C,-face-magic projective labelings X on P, ,,.
Thus, C is a one-to-one correspondence between C,-face-magic projective labelings on P, ,, with
Cy-face-magic value S and Cy-face-magic projective labelings on P,, ,, with C-face-magic value
dmn 44— S.

Hence, for odd integers m > 3 and n > 3, C is a one-to-one correspondence between C';-face-
magic projective labelings on P, ,, with Cy-face-magic value 2mn + 1 and those with Cy4-face-
magic value 2mn + 3.

3. Bicentrally Balanced C,-face-magic Labelings on P, ,,

Notation 3.1. Throughout this section, we assume that both m > 3 and n > 3 are odd integers.
We write m = 2my + 1 and n = 2ngy + 1 for positive integers m, and ny. For any positive integer
N, welet NT = N + 1. In particular, we have mg = mg + 1 and nj = ng + 1.

Notation 3.2. We refer to the vertex (5(m+1), 3(n+1)) = (mg,ng) as the center of the projective
grid graph P,, ,,. The graph automorphisms of P, ,, that are induced by a homeomorphism of the
projective plane are described in relation to the center of P, ,,. We let Ry denote the rotation by ¢
degrees in the counter-clockwise direction about the center. The symmetry /I (1) is the reflection
about the center row (column). Since the corner vertices of P, ,, are the only vertices incident to
a double edge, a symmetry of P, ,, sends each corner vertex to another corner vertex. Thus, for
distinct integers m and n, the set of symmetries on P, ,, is { Ry, Riso, H,V'}. We let D, (D_)
denote the reflection about the diagonal with positive (negative) slope passing through the center.
When m = n, the set of symmetries on Py, ., is Dy = { Ry, Roo, Ris0, Ra7o, H,V, Dy, D_}.
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Definition 3.1. Let X = {x;; : (1,j) € V(Pmn)} be a Cy-face-magic projective labeling on P, ,,
with Cy-face value S = 2mn + 3. For all (i, j) € V(Pp.n), let

S(i,7) = %mn—i— % if i+ j is even, and

S(i,7) = 3mn + 2 ifi + j is odd.

We say that X is bicentrally balanced if, for all (i,7) € V(Pu.n),
Tij+ Tmi1-int1-j = S(1, J).
Remark 3.1. Suppose X = {z;; : (¢,j) € V(Pmn)} is a Cy-face-magic labeling on P, ,, that is
bicentrally balanced. Then the Cy-face-magic value S of X is
S =11+ Timp+ o1+ Tmo1n = S(1,1) +5(2,1) = 2mn + 3.

We observe that the Cy-face-magic projective labeling on Ps 5 in Figure 2 is bicentrally bal-
anced.

Lemma 3.1. Suppose m > 3 and n > 3 are odd integers. Let X = {x;; : (i,7) € V(Pp.n)} be
a Cy-face-magic projective labeling on Py, ,, with Cy-face-magic value S = 2mn + 3. Then X is

; + ot

bicentrally balanced. Furthermore, we have .« .+ = $S(mg,ng). Thus, Lt = Tmn + 3 if
+ o _3 3 et 1 ot

Mg +ng is even, or & & = Jmn + g if mg +ng is odd.

Proof. By Lemma 2.3, the digons formed by the vertex sets {(1,1), (m,n)} and {(m, 1), (1,n)}
have face values

Dy =xz11+Tmn = smn+ 5 3 and

1
2
smn + 2, respectively.

Dy =21+ 21, =
Suppose that for some integer 1 < ¢ < m,
Ti1 + Tgi—ip = S(i,1).
See Definition 3.1 for the definition of S(¢, 7). Since
Ti1 + Tig11 + Togi—in + Tmein = S,

we have
Tiv11 + Tmoin =8 = S(i,1) =S+ 1,1).

Hence,

Ti1+ Tmg1—ipn = S(i,1)
forall 1 <7 < m. A similar argument shows that

L1+ Tmpg1—; = S(1, )

foralll <7 < n.
We use induction to show that x; ; + Tpm41-int1—; = S(i,7) forall (4,5) € VP,,,). Suppose
there exist integers 1 < ¢ < mand 1 < j < n such that
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l. forall 1 < <iand 1 < j < n, 2y j0 + Tpg1—ir pr1—5 = S(7', j'), and
2. foralll <j' <j, @+ $m+1—i,n+1—j’ = S(i, j").

We need to show that z; ; + Tt1-int1-j = S(i, 7). When we add the two Cy-face-values

Ti—1j-1 + Ti—1j + 251 +x;; = S and

Tnt2—int2—j T Tmt2—int1—j + Tmtl—int2—j + Tmti—inti—j = 9,

we obtain
(@ic1,j-1 + Tma2—int2—j) T (Tim1j + Tma2—int1-5)
+(Tijo1 + Tmt1-in+2—j) T (Tij + Tmy1-ins1-5) = 25
Since
Ti1j-1 + Tmgo—ingo—; = St — 1 J - 1),
Tio1j + Tmy2—ins1-; = S(i—1,7), and
Tijo1 + Tmi—ingo—j = 51,7 — 1)
we have

Sii—1,7—=1)+S(t—=1,5)+ 80, j — 1)+ (2ij + Tmy1-int1-j) = 25.

Thus
Tij + Tmir-int1-j = S(3, J).
Since
mea',ng' = xmé’,na' + merlfmg',nJrlfna' = S(mar7 n(J)r)a
we have
Tt = 35(mg ,1g)-

_ 1 3ip 0+ ot _ 3 Bafot ot
Thus, Lyt it = 3NN+ 5 if my + ng 1s even, or Lt it = 3N+ 5 if mg + ng 1s odd. O

3.1. Structure of a Bicentrally Balanced Cy-face-magic Labeling

Lemma 3.2. Let X = {x;, : (i,j) € V(Pmn)} be a bicentrally balanced Cy-face-magic projec-
tive labeling on P, . For 1 < j < ny, let aj = x1; + o1 j41. Then,

1. forall 1 <1< mywhereiisodd, and1 < j < ng, we have
Tij + Tijy1 = aj, Tipt1-j + Tin—j = S — aj,
Trgl—ij + Tmg1—ij+1 = Qj,and Trntl—intl—j T Tmil—in—j = S — aj, and
2. forall 1 <1< mywhereiiseven, and 1 < j < ng, we have
Tig+ Tija =95 —aj, Tint1—j + Tin—j = G,
Tmti—ij + Tmti—ij+1 = S — a;,and Tmtl—in+l—j T Tmti—ipn—j = Q5.
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Proof. When we equate the two Cy-face sums

Tij + Tijr1 + Tigrj+ Tipr i1 =S and
Tiy1j + Tip1j+1 + Tigoj + Tiga 1 = 5,
we obtain
Tij + Tijt1 = Tivaj T Titaj41- ey

By (1), forall 1 <7 < mg where 7 is odd, and 1 < 7 < ng, we have
Tig+ Tij1 = a5 and Tpnp1—ij + Tmpi-ijn = a5
Since
aj + To g+ Tojp1 = D1y + i+ Doy + T4 =5,

we have
Toj+ T2541 =5 — a;

forall 1 < 7 < ng. Alsoby (1), forall 1 <7 < mg where 7 is even, and 1 < 7 < ng, we have
Tij+Tije1 =95 —a; and 15+ Trng1-ij+1 = S — aj.
Since
aj + Tipti—j + Tin—j = Ty + Tmjt1 + Tingi—j + Tin—j = S,

we have
Tint1—j + Ty =5 — a5

for all 1 < 7 < ng. Thus, by (1), for all 1 < 7 < my where 7 is odd, and 1 < j < ng, we have
Ting1—j + Tinj =98 —aj and Tpp1ini1—j + Tmi1—in—j = S — a;.

Since
(S —aj)+Topt1—j + Tonj = Tipt1—j + T1n—j + Topt1—j + Topj = 5,

we have
Ton+1—j T Tan—j = G5

for all 1 < 7 < ng. Hence, by (1), forall 1 < 7 < mgy where 7 is even, and 1 < j < ng, we have

Tipt1—j + Tin—j = aj and Tpp1 ini1—j + Tngi—in—j = G;.
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3.2. Row and Column Permutations on a Bicentrally Balanced Labeling

Definition 3.2. Ler X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced Cy-face-magic
projective labeling on Py, .. Let 1 be a permutation on the set {1,2,...,mg} such that n(i) = i
(mod 2) for all 1 < i < mg. We define a labeling on Py, Z = {zij : (i,j) € V(Pmn)}, such
that forall 1 <1 < mgand 1 < j < n, we have

Zij = Tn(i),js

Zt 5 = T g and

EmAl—ij — Tm+1-n(i),j-
We let &, denote the labeling operation given by £,(X) = Z.

Lemma 3.3. Let X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced C,-face-magic pro-
Jjective labeling on Py, ,,, and let 1) be a permutation on the set {1,2, ... ,my} such that n(i) = i
(mod 2) forall 1 < i < myg. Let &, be the labeling operation defined in Definition 3.2. Then the
labeling Z = &,(X) is a bicentrally balanced Cy-face-magic projective labeling on Py, ..

Proof. We first verify that Z is bicentrally balanced. Suppose that 1 <7 < mgand 1 < j < n.
Since 7(i) — i is even, we have

Zij T Zmti-int1—j = Ty@)j T Tmt1-n(@)nt1—j = S(% 7).
Furthermore, we have
_ _ +
zmg,j + Zm+1—m0+,n+1—j - xmaL,j + xm—l—l—mar,n—&—l—j - S<m0 7])

Next, we show that Z is a Cs-face-magic projective labeling on P,, ,,. Forall 1 < ¢ < m and
1 <7 <n,by Lemma 3.2, we have

Zij+ Zige1r = Tij + T and Zig1j + Zip1j01 = Tig1g + Tignge-
Thus
Zij+ Zij1 F Zig1j + Zig1j41 = Tij + Tije1 + Tig1j + Tiv1j+1 = S,
Since Z is bicentrally balanced, for 1 < 7 < m, we have
Zin T Zm1—i1 + Zigin + Zm—i1 = S(i, n) + S(Z + 1, 71) =S.
Also, since Z is bicentrally balanced, for 1 < j < n, we have

Zmg + Anti—j + Zmjr1 + 21—y = S(m, 7))+ S(m,j+1)=S.
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Definition 3.3. Ler X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced C,-face-magic
projective labeling on Py, ,. Let k be a permutation on the set {1,2,...,ng} such that k(j) = j
(mod 2) for all 1 < j < ng. We define a labeling on Py, ,, Z = {2 : (1,5) € V(Pmn)}, such
that forall 1 <i < mand1 < j < ng, we have

Zij = Lik(j)s

Zipt =T, o+, and
Mo Mo
Zin+l—j = Tint+l—k(j)-
We let E,, denote the labeling operation given by £,.(X) = Z.

Lemma 34. Let X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced C,-face-magic pro-
Jjective labeling on P, ,,, and let k be a permutation on the set {1,2,...,ng} such that k(j) = j
(mod 2) for all 1 < j < ng. Let &, be the labeling operation defined in Definition 3.3. Then the
labeling Z = E,(X) is a bicentrally balanced C,-face-magic projective labeling on Py, ,,.

The proof of Lemma 3.4 is similar to the proof of Lemma 3.3.

Definition 3.4. Let X = {x;; : (i,5) € V(Punn)} be a bicentrally balanced Cy-face-magic
projective labeling on Py, .. Let « : {1,2,...,my} — {0,1}. We define a labeling on P, ,
Z ={z;:(i,j) € V(Pmn)}, such that for all 1 < i < mgand1 < j < n, we have

Zij = T(1-ali))itali)(mti—i)j, and
Am+1—ij = La(i)i+(1—a(i))(m+1—i),j-
We let £, denote the labeling operation given by £,(X) = Z. The labeling operation &, has the

effect of keeping the labelings on the vertices of columns i and m + 1 — i the same if (i) = 0 and
swapping the labelings on the vertices of column i with those of column m + 1 — i if (i) = 1.

Lemma 3.5. Let X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced C,-face-magic pro-
jective labeling on Py, , and let o« = {1,2,... ,mo} — {0,1}. Let &, be the labeling operation
defined in Definition 3.4. Then the labeling Z = E,(X) is a bicentrally balanced C)-face-magic
projective labeling on Py, ,,.

Proof. First, we show that Z is bicentrally balanced. Suppose «(i) = 0. Then

2ij = Ti; and  Zpmii—ij = Tmpi—ij-

Thus
Zij + Zmal—int1—j = Tig T Tmii—inti—j = S(0, 7).

Suppose «(i) = 1. Then

Zij = TmA1—i,j and Zm41—ij = Tij-
Thus

Zij T Zmii-int1—j = Tmii-ij T Tint1—j = S(m+1—14,j) = S(i, )

since m + 1 — ¢ = ¢ (mod 2). The proof that Z is a C,-face-magic projective labeling on P,,, ,,
with Cy-face-magic value 2mn + 3 is similar to that in the proof of Lemma 3.3. U
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Definition 3.5. Ler X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced C,-face-magic
projective labeling on P, ,. Let 6 : {1,2,....,no} — {0,1}. We define a labeling on P, ,,
Z =Azj:(i,7) € V(Pmn)}, such that forall 1 < i < mand1 < j < ng, we have

Zij = Ti,(1-8(j))j+8(j)(n+1—j), and

Zin+1—j = Li5(4)j+(1-6(4))(n+1—j)-

We let Es denote the labeling operation given by Es(X) = Z. The labeling operation Es has the
effect of keeping the labelings on the vertices of rows j and n + 1 — j the same if §(j) = 0 and
swapping the labelings on the vertices of row j with those of rown + 1 — j if §(j) = 1.

Lemma 3.6. Let X = {x;, : (i,7) € V(Pmn)} be a bicentrally balanced Cy-face-magic projec-
tive labeling on P, ,, and let 6 : {1,2,... ,no} — {0, 1}. Let & be the labeling operation defined
in Definition 3.5. Then the labeling 7 = E5(X) is a bicentrally balanced Cy-face-magic projective
labeling on Py, .

The proof of Lemma 3.6 is similar to the proof of Lemma 3.5.

Definition 3.6. We call each of the labeling operations &, in Definition 3.2, &, in Definition 3.3,
&, in Definition 3.4, and E; in Definition 3.5 an elementary projective labeling operation.

Definition 3.7. We say that two bicentrally balanced Cy-face-magic labelings on P, ,, are projec-
tive labeling equivalent if one labeling can be obtained from the other by applying a sequence of
elementary projective labeling operations to it.

3.3. Standard Bicentrally Balanced Labeling

Given a bicentrally balanced Cy-face-magic projective labeling X on P, ,,, the next theorem
identifies a canonical bicentrally balanced C4-face-magic projective labeling on P,, ,, that is pro-
jective labeling equivalent to X.

Theorem 3.1. Let X = {x;; : (i,j) € V(Pmn)} be a bicentrally balanced Cy-face-magic pro-
Jjective labeling on P, ,,. Then there is a unique bicentrally balanced Cy-face-magic projective
labeling Z = {z;j : (1,7) € V(Pmn)} on Py, that is projective labeling equivalent to X such
that

. . + .
Zimt < Zipong Joralll <i<m—2andi+ng is even,

Zind = Ziyont foralll <i<m—2andi+ ng is odd,
* Zpd i < Zmd jyafOr all1 < j <n-—2andmg + jis even, and

* Zpt >zm0+7j+2foralll <j<n—2andm{ + jis odd.

m
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Proof. By Lemma 3.1, we have mE it = ! $S(mg,ng). Itis easy to check that this value remains
the same regardless of the elementary pI‘O_]eCtIVG labeling operation that we apply to X. Since X is
bicentrally balanced, for all 1 < 7 < mg, we have

— Qi
Ii,na_ + xm—i—l—i,na' - S<Z7 ) )
Thus, either z; ,+ < 1S(i,nd)orz,, 4 imt < +5(i,nd). We define a function v : {1,2,...,mg}

— {0,1} as follows. For each 1 <@ < my, let

, if i+ ng is even and Tt < 2S(i,ng),

, if i+ ng is even and Tt > 1S(i,ng),

, if i+mng isoddand z; .+ > 35(i,ng), and
, if i+ng isoddand z; .+ < 35(i,ng).

al) =

—_— O = O

By Lemma 3.5, £,(X) is a bicentrally balanced C}-face-magic projective labeling on P,, .. Re-
place X with &£,(X). Then X satisfies, for all 1 < i < my,

1 . _l’_ 1 . . + .

Tips < 350ng)andx, .\ ;o> 350 n ng) if i + ng is even, and
1 . _l’_ 1 . . + .

Tige > 350 ng)andx, ;00 <550 n ng) if i + ng is odd.

Choose a permutation n of {1,2,...,mo} with n(¢) =i (mod 2) for all 1 < i < my such that for
all 1 <7 <mp — 2,
Tyt < Tp(it2)nd if i + ng is even, and

Tyt > Ty ns if 1+ ng is odd.

n(i)mo

By Lemma 3.3, £,(X) is a bicentrally balanced C}-face-magic projective labeling on P,, ,. Re-
place X with &,(X). Then X satisfies, forall 1 < i< m —2,

. . + .
Tint < Tipgnt ifi+ng iseven, and

Tyt > Tipp i if 0+ ng is odd.
A similar argument allows us to choose a function § : {1,2,...,n0} — {0, 1} and a permuta-
tion k on {1,2,...,no} with k(j) = j (mod 2) forall 1 < j < ng such that Z = £,(&E;(X)) isa

bicentrally balanced Cy-face-magic projective labeling on P,, ,, and

Zind < Zizand foralll <7< —2andz’—i—n5r is even,

zmar > Ziiont forall 1 < i< m—2andi+ng is odd,
i< Zmi 2 forall 1 < j < n—2and mg§ + j is even, and
i > Fmd e forall 1 < j < n—2and m§ + j is odd.
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Definition 3.8. We refer to the bicentrally balanced Cy-face-magic projective labeling 7 in The-
orem 3.1 as the standard projective labeling associated with X. We say that Z is a standard
bicentrally balanced C,-face-magic projective labeling on Py, ,,.

As a result of Theorem 3.1, we only need to find the standard bicentrally balanced C4-face-
magic projective labelings on P, ,.

Example 3.1. Table 1 illustrates a standard bicentrally balanced C;-face-magic projective labeling
on Py 9. For convenience, we display the 9 x 9 projective grid graph as a 9 x 9 checkerboard where
each square cell represents a vertex and square cells that share an edge are adjacent.

Table 1. A standard bicentrally balanced C's-face-magic projective labeling on Py 9 with Cy-face-magic value 165.

31 |51 |32 |47 36|46 |40 |42 |41
53130523448 (35|44 |39 |43
28 154129 |50 | 33|49 |37 45|38
65|18 |64 22|60 |23 |56 27|55
16 |66 | 17 | 62 | 21 | 61 | 25|57 | 26
68 | 15167 | 19|63 |20 |59 24|58
4 1785|7419 73,1369 |14
80| 3 |79 7 |75 8 |71 ]12|70
1|81 2|77 6 7610|7211

3.4. Fartial Bicentrally Balanced Labeling

We need to introduce labelings on subgrids of P, ,, in order to determine a category of standard
bicentrally balanced Cy-face-magic labelings on P,,, ,,.

Definition 3.9. Let m > 3 and n > 3 be odd integers, and let M > m and N > n be odd
integers. Let Grid(m,n) = {(i,7) : 1 < i < mand1 < j < n} be the m x n subgrid of
Pun. Let P, x P, represent the m x n planar grid subgraph of Py n on Grid(m,n). Let
X = {wz;; : (i,5) € Grid(m,n)} be a labeling on P,, x P, We say X is a partial bicentrally
balanced C-face-magic labeling on the m x n subgrid of Py n if

the sum of the labels on the vertices of each Cy-face of P,, X P, is 2M N + 3,

{i;: (i,5) € Grid(m,n) and i + j is even} = {1,2,...,smn + 3},

{zi;: (i,7) € Grid(m, n) and i+j is odd} = {MN—imn+3 MN—imn+2, ... MN},
Tij+ Tmii—int1—j = smn+ 3 if (i, j) € Grid(m, n) and i + j is even,

Tij+ Tmi1—int1—; = 2MN — %mn + % if (1,7) € Grid(m,n) and i + j is odd, and

M e
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6. X satisfies

Tint < Tiyont foralll<2<m—2andi—|—nar is even,
Tt > Tiggnt foralll<2<m—2andi—|—nar is odd,
Tyt < T +]+2f0rallléjén—2andm0 + 7 is even, and
Tt j > T +]+2f0rallléjén—2andm0 + j is odd.

3.5. Fartial Alternating Lexicographic Labeling
We introduce two partial bicentrally balanced C;-face-magic labelings on an m x n subgrid of
Pun-

Definition 3.10. Let m > 3 and n > 3 be odd integers, and let M > m and N > n be odd
integers. The partial horizontal alternating lexicographic labeling on the m x n subgrid of Py n,
denoted by HALL s y(m, n), is the labeling HALL ) n(m,n) = {x;; : (i,j) € Grid(m,n)}
given by

* Toi12j-1=m(j—1)+14 forall1 <i<md and1 < j<ng,
'$2i,2j:m(j—1)+mf{+i,f0ralll<z<m0and1gjgno,

* Toinj1=MN+m(l—j)+1—iforalll <i<mgandl < j<ng,and
°x2i_1’2j:MN—mj+m0 1—1,foralll <1< moandl 7 < ng.

Similarly, the partial vertical alternating lexicographic labeling on the m x n subgrid of Py n,
denoted by VALL y; y(m, n), is the labeling VALL yy y(m, n) = {y;; : (i,7) € Grid(m,n)} given
by

© Yoic1oj-1=n(i—1)+7, foralll <i<mdand1 < j<nf,
‘szzj—n(2—1)+n0 + g, foralll <1 <mgand1 < j < ng,

* Yoinj1=MN —ni+ng +1—j foralll <i<myand1 < j<ng,and
® Yoic12j = MN +n(l—i)+1—j foralll <i<mfand1 < j < no.

Example 3.2. The labeling in Figure 3 is the partial vertical alternating lexicographic labeling on
the 5 x 5 subgrid of P55 denoted by VALL;5 5(5, 5).

Theorem 3.2. Let m > 3 and n > 3 be odd integers, and let M| > m and N > n be odd integers.
The horizontal alternating lexicographic labeling HALL ), N(m, n) and the vertical alternating
lexicographic labeling VALL s y(m, n) are partial bicentrally balanced C-face-magic labelings
on the m x n subgrid of Py n.
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Y1,5=3  Y2,5=71 y35=8  y45=66 y55=13
® L 4 L 4

y1,4=74 |y2,4=5 |y3,4=069
® L 4 L 4 L 4

Y1,3=2  |Y2,3=72 |y33=T7 |ya,3=67 |y53=12
® L L 4 L 4 L J

Y1,2=75 |y22=4 |y32=70 |ys2=9 |y52=65
@ L L 4 L 4 L J

y1,1=1 y2,1=73 |y31=6 |y41=68 |y51=11
) ° * * )
Figure 3. The partial bicentrally balanced C,-face-magic projective labeling VALL5 5(5, 5).

Proof. We show that VALL,; y(m, n) is a partial bicentrally balanced C-face-magic labelings
on the m x n subgrid of Py . The proof that HALL,, v (m, n) is a partial bicentrally balanced
C4-face-magic labelings on the m x n subgrid of Py v is similar.

We observe that for the vertices (7, j) where ¢ + j even, we assign the labels 1,2, .. ., %mn + %
in lexicographic order; however, for the vertices (4, 7) where ¢ + j odd, we assign the labels M N —
(3mn—2), MN — (3mn — 2),..., MN in reverse lexicographic order.

We have y2;—12j—1 + Y2i—12j = MN +1for1 <t <mp+1land 1 < 5 < ng. Also, we have
Y2i2j—1 + Y2i0; = MN +2for1l < i < mpand1 < j < ng. Thus, forl <7 < m —1and

1 < j < ng, we have
Yi2j—1 + Yi2j + Yit1,2j—1 + Yiy1,25 = 2MN + 3.

Next, we have y2;_12; + Y2i—12j41 = MN +2for1 <i<mp+1land1 < j < ng. Also, we
have y; 25 + y2i2j41 = MN +1for1 < i <mgand 1 < 7 < ng. Thus,forl <7< m —1and
1 <5 < ng, we have

Yi2j + Yi2j+1 T Yix1,2j + Yir1,2541 = 2MN + 3.

We observe that, for 1 < j < ng + 1, ¥12j—1 + Umnt2-2j = %mn + %, and, for 1 < j < ny,

Y12 T Ymnt1-2) = 2MN — 2mn + 2. Thus, for 1 < j < n — 1, we have
Y15+ Ymant1-j + Y1541 + Yman—j = 2MN + 3.

Similarly, for 1 < i < mo + 1, Yoi—1,1 + Yms2-2in = 3mn + 2, and, for 1 < i < my,
Y2i1 + Ymr1—2in = 2MN — tmn + 3. Thus, for 1 <i < m — 1, we have

Yi1 + Ymt1—in + Yir11 + Ym—in = 2MN + 3.
Forall 1 <i<mg and1<j < ng,

1 3
Y2i-1,2j—1 T Ym+2-2in+2-25 = 3N+ 3.
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Also, forall 1 <7< mgand 1 < j < ny,
1 3
Y2i2j T Ym+1-2in+1-25 = 3MN + 3.
We observe that, for all 1 < m0 and 1 < j < ng,
Y2i—1,25 + Ymt2-2in+1-25 = 2MN — %mn + %
Similarly, forall 1 <i < mgand 1 < j < ng,
Y2i,2j—1 + Ym1-2int+2-25 = 2MN — %mn + %

Suppose n = 1(mod4). Then ng is odd, and we let nj, be the positive integer such that
ng = 2n{ — 1. Thus

Yai—1.2n,—1 = n(i — 1) +nj forall 1 <i < mg, and
Yaiony—1 = MN —ni+ng forall 1 <i < my.

Hence,

Ying < Yisans foralll <i<m —2andi+ ng is even, and 2)
1<i<

Mg
Yimd > Yiront forall m — 2and i + ng is odd. 3)

Mo

A similar argument shows that (2) and (3) hold when n = 3 (mod 4). Also, a similar argument
shows that

Yt ;< Yt jio foralll < j<n—2andmg + jiseven, and
1< <

Yt j > Y j4o forall —2and mg + j is odd.

3.6. Alternating Connected Sums

Definition 3.11. Let r > 3 be an odd integer and let r( be the positive integer such that r = 2ry+1.
Let X be a partial bicentrally balanced Cy-face-magic labeling on the m x n subgrid of Pur n.
Suppose v < M /m. The r-horizontal alternating connected sum of X, denoted by HASC" (X)), is
the labeling Y = {y, ; : (i,7) € Grid(mr,n)} on Grid(mr, n) given by, for all (i, j) € Grid(m,n)
and for all integers 0 < k < 1o,

hd Yk—1)m+ij — MN — T4 -+ (k — % (mn) -+ % lfl < k < To and i —|—j is Odd,

(mn)‘l‘%ifl<k‘<7"0andi+jiseven,

N[ =

* Yr-1ymrij = MN — x5 — (k —
* Yekym+ij = Tij — k(mn)if0 < k < roandi+ jisodd, and
* Yokymtij = Tij + k(mn) if 0 <k < rgand i+ jis even.
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Suppose 1 < N/n. The r-vertical alternating connected sum of X, denoted by VASC'"(X),
is the labeling Y = {y;; : (i,j) € Grid(m,nr)} on Grid(m,nr) given by, for all (i,j) €
Grid(m, n) and for all integers 0 < k < o,

* Yiok—tntj = MN — x5+ (k— 3)(mn) + 2 if 1 <k <rgandi+ jis odd,
* Yokt = MN — ;5 — (k— 5)(mn) + 2 if 1 <k < rgandi+ jis even,
* Yi 2kt = Tij — k(mn) if 0 < k < rgand i+ jis odd, and

* ikt = Tij + k(mn) if 0 < k <rgand i+ jis even.

Example 3.3. The 3-horizontal alternating connected sum of HALL;5 5(5,5) is given in Table 2.
For convenience, we display the 15 x 5 projective grid graph as a 15 x 5 checkerboard.

Table 2. A 3-horizontal alternating connected sum of HALL15 5(5, 5) on P;5 5 with Cy-face-magic value 153.
1165|1264 | 13|53 |24|52|25|51|36(40/|37|39|38

68| 9 |67 10|66 |21 | 55|22 54|23 |43 |34 42|35 |41
6 (70| 7 69| 8 | 58|19 |57 20|56 |31 |45 |32|44 |33
7314 |72 5 |71{16]60 |17 |59 |18 |48 |29 |47 |30 | 46
1 |75 2 |74 3 631462 |15 61|26 /|50|27]|49 |28

Theorem 3.3. Suppose X is a partial bicentrally balanced Cy-face-magic labeling on the m x
n subgrid of Py n. If v is an odd positive integer such that mr < M, then the r-horizontal
alternating connected sum of X, HASC"(X), is a partial bicentrally balanced C)-face-magic
labeling on the mr x n subgrid of Py n. Similarly, if v is an odd positive integer such that
nr < N, then the r-vertical alternating connected sum of X, VASC"(X), is a partial bicentrally
balanced C,-face-magic labeling on the m x nr subgrid of Py n.

Proof. We show that HASC" (X)), is a partial bicentrally balanced C)-face-magic labeling on the
mr x n subgrid of Py . The proof that VASC" (X)), is a partial bicentrally balanced C}-face-
magic labeling on the m x nr subgrid of Py x is similar.

First, when 1 < k£ < rg, we have

Y(k—1)ym+2i—1,j T Y(2k—1)m+2i—1,j+1 = 2MN + 3 — (1‘21‘—1,j + 952i—1,j+1) and
Yk—1)ym+2i,j T Yk—)ymt2ij+1 = 2MN + 3 — (372z',j + x2i,j+1)~

Thus, forall 1 <t <m—1,1<j<n—1,and 1 < k < ry, we have

Yk—1)ym+i,j T Y(2k—1)ymtij+1 T Y2k—1)m+it1, T Yk—1)m+it1,j41 = 2MN + 3.

Second, when 0 < k£ < rp, we have

Yek)ym+2i-1,j T Y2k)ym+2i—1,j+1 = T2i—1,j T T2i—1,j+1 and

Yekym+2i,5 T Y@kym+2i,j+1 = T2ij + T2ij+1-
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Thus, forall 1 <t <m—1,1<j<n—1,and 0 < k£ < ry, we have

Yerym+ij T Yemmtij+l T Yekmtitl,j T Yermyirlj+1 = 2MN + 3.

When we set the C';-face sums below equal,

Tij+ Tijr1 T Tig1j T Tig1j41 = Tip1,j T Tig1 i1 T Tigaj + Tig2 41,
we obtain
Tij + Tij41 = Tit2j + Titoj41-
Thus, forall 1 < 7 < n — 1, we have

L1+ T1j41 = Ty + Tomjtl- 4

Third, forall 1 < j<n—1and 1 < k < rg, we have

Y2kym,j T Y@2k)m,j+1 = 2MN +3 — (95m,j + f’cm,jﬂ)-

Similarly, we have
Yerym+1,j T Y@kym+1+1 = 1,5 + T1j41-
By (4), we have
Y(akym,g + Ykymj+1 T Yerm+1, T Yekmr i+ = 2MN + 3.

A similar argument shows that, forall 1 < j <n —1and 1 < k < ry, we have

Yek—1)mj T Yk—1)mj+1 T Yek—Dm+1j T Y@h-Dmt1,j+1 = 2MN + 3.
From the construction of Y, we have
{yij: (i,7) € Grid(mr,n) and i + jis even} = {1,2,..., 3mnr + 1}, and
{y:; : (i,§) € Grid(mr,n) and i + j is odd} = {MN — Imnr + 3,
1 5
MN — smnr +35,...,MN}.
If 2 + 7 is even, we have
Yk—)ymtij T Y@(ro—k+1)—)m+(mtl—i)nil—j = 2MN — %mnr + %, and
Y@k)ym+ij T Y2(ro—k)ym-+(m+1—i)n+1—j = %mnr + %
If ¢ + j is odd, we have
Y©2k—1)ym+ij T Y2(ro—k+1)—1)m+(m+1—i)nt+1—j = %mnr + %; and

Y@k)ym+ij T Y2(ro—k)m-+(m+1—i)n+l—j = 2MN — %mm“ + %
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Thus, forall 1 <i:<mrand1<j < n,

Yij T Ymr+l—inti—j = —mn’r + 3, if ¢ —|—j is even, and
Yij + Ymrs1—inp1—; = 2MN — Imnr + 2, if i + j is odd.

We have, forall 1 <:<mand 0 < k < o,
Yeh-tymiint = MN —z; o + (k= 3)(mn) + 3 if i + ng is odd and
Yerymting = Tigt + k(mn) if i+ ng is even.
Since, forall 1 < i < m — 2,
Tind < Tipgpt iFi+ ng is even and
Tind > Tipgpt iFi+ ng is odd,
we have
Yh-Dymtind < Y@h—Dymti+2ng if (2k — 1)m + i + ng is even and
Yermting < Yermsitond i (2k)m + i + ng is even.
In addition, we have
(k —1)(mn) + 3mn + 3 < Yor—1ymrint S k(mn)
if (2k — 1)m + i + ng is even and
k(mn) 4+ 1< < Yerymting S k(mn) + tmn + 3
if (2k)m + 4 + ng is even.

Hence, forall 1 <i < mr — 2,

Yint < Yipont L0+ ng is even.
A similar argument shows that, forall 1 <7 < mr — 2,

Yind > Yisont if i+ ng is odd.

Let M, be the positive integer such that mr = 2M;" — 1. Then M, = mro + m{. Suppose
1o is odd. Let r{, be the positive integer such that ry = 2r(, — 1. Forall 1 < j < n, we have

Yor —ymimt; = MN — .« + (ry — 3)(mn) + 3 if mg + j is odd and
Yor,—tymimt; = MN — @4 — (ry — 3)(mn) + 3 if mg + j is even.
Since, forall1 < 7 < n — 2,

Tt j < T jyo if mg + j is even and

Tt j > T jyo if mg + j is odd,

mo
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we have

Yiory—tymrmt i < Y, —1ymamd 42 if (2rg — 1)m +mg + j is even and

Yiary - Dymmi i > Yeary-Dmmd g2 it (2rg = 1)m+mg + j is odd.

Thus, forall 1 < 7 < n — 2, we have

Unitj < Yartjeo if My" + j is even and (5)
Ynid g > Ynad g2 if My™ + j is odd. (6)
A similar argument shows that (5) and (6) hold when rj is even. L]

3.7. Labelings Associated with a Projective Factorization Sequence
Definition 3.12. Let m > 3 and n > 3 be odd integers.

1. Let F = (my,n; : 1 < i < k) be an (m, n)-projective factorization sequence. See Definition
2.2. Let Xy = HALL(my,ny). For2 < i < k, let Y; = HACS™(X;_1) and X; =
VACS"(Y;). The horizontal bicentrally balanced labeling associated with F' is denoted by
HBBL(F) = X;.

2. Let F' = (nf,m} : 1 < i < k) be an (n, m)-projective factorization sequence. Let X| =
VALL(m/,n}). For2 < i < k, let Y! = VACS™(X!_,) and X! = HACS™(Y/). The
vertical bicentrally balanced labeling associated with F' is denoted by VBBL(F') = X.

Theorem 3.4. Let m > 3 and n > 3 be odd integers. Suppose X is constructed in one of the
following two ways.

1. Suppose X = HBBL(F) for some (m,n)-projective factorization sequence F' = (my,n;,

M, Ny« ooy My N )-
2. Suppose X = VBBL(F") for some (n, m)-projective factorization sequence F' = (n},m/,
N, My, .« oy N, ).

Then X is a standard bicentrally balanced C,-face-magic projective labeling on P, ,,.

Furthermore, distinct (m,n)-projective factorization sequences F and F» give rise to distinct
standard bicentrally balanced Cy-face-magic projective labelings HBBL(F}) and HBBL(Fy) on
Prnn- Similarly, distinct (n, m)-projective factorization sequences F| and F} give rise to distinct
standard bicentrally balanced Cy-face-magic projective labelings VBBL(FY) and VBBL(F}) on
Pran.

Proof. We first show that HBBL(F') is a standard bicentrally balanced C,-face-magic projective
labeling on P,,,,. By Theorem 3.2, X; = HALL,,,(mi,n;) is a partial bicentrally balanced
C4-face-magic labeling on the m; x n; subgrid of P,, ,,. For 1 <@ <k, let

Mi = mims---MmMy and

Ni =ning---N;.
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For some integer 2 < ¢ < k, suppose X;_; is a partial bicentrally balanced Cy-face-magic labeling
onthe M;_; x N;_; subgrld of Py, . By Theorem 3.3, Y; = HACS™!(X,_,) is a partial bicentrally
balanced C,-face-magic labeling on the M; x N;_; subgrid of P,,,, and X; = VACS"(Y;) is a
partial bicentrally balanced C4-face-magic labeling on the M; x N, subgrid of P, ,, Thus X; =
HBBL(F) is a partial bicentrally balanced C;-face-magic labeling on the m x n subgrid of Pm,n.
Hence, HBBL(F') is a standard bicentrally balanced C;-face-magic projective labeling on P,,, .

A similar argument shows that, for an (n, m)-projective factorization sequence F’, VBBL(F")
is a standard bicentrally balanced C-face-magic projective labeling on P,, ,,.

Let F; = (m;j,ni; : 1 < j < k;), for i = 1,2, be distinct (m, n)-projective factorization
sequences. We need to show that HBBL(F7) and HBBL(F3) are distinct standard bicentrally
balanced C-face-magic projective labelings on P,, ,,. Suppose m; ;» and my ; are the first entries
in F and F5, respectively, such that my j» # mg ;.

First, assume j° = 1. Without loss of generality, we may assume m;; < mgy;. Then the
labels on HBBL(F7) and HBBL(F}) are the same on the m;; x 1 subgrid of P,,,. Let Z =
{yix : 1 < i < my,} be the common labels of HBBL(F}) and HBBL(F3) on the my; x 1
subgrid of P, . Let z be the smallest positive integer such that =z € Labelz(Grid(m; 1, 1)) and
z+1 ¢ Labelz(Grid(ms,1,1)). Let m’ = my 1. Then z = y,y 1 = 3(m/ + 1). In HBBL(F}) we
have y,» = 2z + 1, and in HBBL(F%) we have y,,y421 = 2z + 1. Thus HBBL(#}) and HBBL(F3)
are distinct standard bicentrally balanced C}y-face-magic projective labelings on P,,, ,,.

Suppose j' > 1. Without loss of generality, we may assume m; j < mo . Let m' =
myyMy—y and n' = Ny_y. Let Z = {y;; : (i,j) € Grid(m’,n’)} be the common labels
of HBBL(F}) and HBBL(F3) on the m’ x n’ subgrid of P,,,,. Let z be the smallest posi-
tive integer such that z € Labelz(Grid(m/,n’)) and z + 1 ¢ Labely(Grid(m’,n’)). Then
2= Y = %(m’n’ + 1). In HBBL(F}) we have y2,,+1 = 2z + 1, and in HBBL(F3) we
have Y,y 121 = 2z + 1. Thus HBBL(F}) and HBBL(F3) are distinct standard bicentrally balanced
C's-face-magic projective labelings on P, ,,.

Suppose n; j» and ny j are the first entries in F; and Fb, respectively, such that ny j; # ng jr.
A similar argument to the one above shows that HBBL(F}) and HBBL(F3) are distinct standard
bicentrally balanced Cy-face-magic projective labelings on P,, ,,.

Similarly, we can show that distinct (n, m)-projective factorization sequences F| and F}, give
rise to distinct standard bicentrally balanced Cy-face-magic projective labelings VBBL(F}) and
VBBL(F}) on Py, 0. [

4. Enumerating Bicentrally Balanced Labelings

We will enumerate the minimum number of distinct Cy-face-magic projective labelings on

P
Notation 4.1. Let m > 3 be an odd integer. We define the function J given by

D (G D, ifm=1 (mod 4),
! )_{ (2, ifm =3 (mod 4).
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The following theorem gives us a lower bound on the number of distinct C;-face-magic projec-
tive labelings on P,, ,, having Cy-face-magic value 2mn + 1 (or 2mn + 3) for distinct odd integers
m and n.

Theorem 4.1. Let m > 3 and n > 3 be distinct odd integers. Then the number of distinct C-
face-magic projective labelings on P, , having Cy-face-magic value 2mn + 1 (or 2mn + 3) (up
to symmetries on the projective plane) is at least

(m(m, ) + 7(n,m)) 27272 B(m) B(n),

where T(m,n) is the number of distinct (m, n)-projective factorization sequences. See Definition
2.2.

Proof. Let X be a standard bicentrally balanced C'4-face-magic projective labeling on P, ,,. Let 7
be a permutation on {1,2,...,mg} such that n(z) = ¢ (mod 2) forall 1 < i < mg and &,(X) be
the labeling given in Definition 3.2. By Lemma 3.3, there are 5(m) distinct bicentrally balanced
Cy-face-magic projective labelings of type &,(X) on Py, .. Let o : {1,2,...,mo} — {0,1} and
E.(X) be the labeling given in Definition 3.4. By Lemma 3.5, there are 2™° distinct bicentrally
balanced C,-face-magic projective labelings of type £,(X) on Py, ,,. Similarly, by Lemma 3.4,
there are §(n) distinct bicentrally balanced C,-face-magic projective labelings on P,,,, associ-
ated with the elementary projective labeling operation given in Definition 3.3. Also, by Lemma
3.6, there are 2™ distinct bicentrally balanced C4-face-magic projective labelings on P, ,, asso-
ciated with the elementary projective labeling operation given in Definition 3.5. Thus, there are
B(m)2™e G(n)2m distinct bicentrally balanced Cy-face-magic projective labelings on P, ,, that are
projective labeling equivalent to X. For each of these labelings, there are four labelings that are
projective labeling equivalent by one of the symmetries Ry, R1s9, H, or V of the projective plane.
Hence, there are 1 3(m)2™° 3(n)2" = 2m/>t1/2=33(m) B(n) distinct bicentrally balanced Cy-face-
magic projective labelings on P, ,, that are projective labeling equivalent to X up to symmetries
of the projective plane. By Remark 3.1 and Lemma 3.1, a Cs-face-magic projective labeling on
P 1s bicentrally balanced if and only if its Cy-face-magic value is 2mn + 3. Therefore, there
are 2™/%+7/2=33(m) B(n) distinct Cy-face-magic projective labelings on P, ,, with C,-face-magic
value 2mn+ 3 that are projective labeling equivalent to X up to symmetries of the projective plane.

By Theorem 3.4, each (m, n)-projective factorization sequence F' and each (n, m)-projective
factorization sequence F” are associated with unique standard bicentrally balanced C-face-magic
projective labelings on P, ,, given by HBBL(F') and VBBL(F"), respectively. Therefore, there
are at least

(7(m,n) + 7(n,m))2™/*/2733(m) B(n)

distinct Cy-face-magic projective labelings on P, ,, (up to symmetries on the projective plane) that
have Cy-face-magic value 2mn + 3.
By Remark 2.1, there are at least

(T(m, n) + 7(n, m)) 2m/2+”/2_36(m)5(n)

distinct Cy-face-magic projective labelings on P, ,, (up to symmetries on the projective plane) that
have Cy-face-magic value 2mn + 1. O
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The next proposition gives us a lower bound on the number of distinct C;-face-magic projective
labelings on P, ,,, having C,-face-magic value 2m? + 1 (or 2m? + 3).

Theorem 4.2. Let m > 3 be an odd integer. Then the number of distinct Cy-face-magic projective
labelings on Py, , having Cy-face-magic value 2m? + 1 (or 2m? + 3) (up to symmetries on the

projective plane) is at least
2

T(m,m)2" 7 (B(m))".
The proof of Theorem 4.2 is similar to that of Theorem 4.1.

Theorem 4.3. Let m > 3 and n > 3 be distinct odd integers. Then the number of distinct Cy-face-
magic projective labelings on P, ,, (up to symmetries on the projective plane) is at least

(7(m,n) + 7(n,m)) 2™/ 2273 (=) [(221)] + 28(m) B(n)).

Proof. By Lemma 2.3, the Cy-face-magic value of a Cy-face-magic projective labeling on P,,, ,, is
either 2mn + 1, 2mn + 2, or 2mn + 3. By Theorem 2.1, there are exactly

(T(m,n) + 7(n,m))2m/HmR3 (mad)(250)]

distinct C4-face-magic projective labelings on P, ,, (up to symmetries on the projective plane)
with C';-face-magic value 2mn + 2. By Theorem 4.1, there are at least

(7(m,n) + 7(n,m))2"/ > /273 5(m) 5 (n)

distinct C4-face-magic projective labelings on P, ,, (up to symmetries on the projective plane)
with C;-face-magic value 2mn + 1 (or 2mn + 3). The result follows. ]

Theorem 4.4. Let m > 3 be an odd integer. Then the number of distinct Cy-face-magic projective
labelings on Py, ,,, (up to symmetries on the projective plane) is at least

7(m, m)Qm_3(((mT_1)!)2 + Q(B(m))z)

The proof Theorem 4.4 is similar to that of Theorem 4.3.

5. Open Problems

We conjecture that the labelings given in Theorem 3.4 are the only standard bicentrally bal-
anced Cy-face-magic projective labelings on P, ,,.

Conjecture 1. Let m > 3 and n > 3 be odd integers. Suppose X is a standard bicentrally
balanced C,-face-magic projective labeling on P, ,,. Then either

1. there exists an (m, n)-projective factorization sequence F' such that X = HBBL(F') or
2. there exists an (n, m)-projective factorization sequence F' such that X = VBBL(F").
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Suppose m > 3 and n > 3 are odd integers. The characterization of C,-face-magic projective
labelings on P, ,, with Cy-face-magic value 2mn + 2 is given in [9]. It is natural to ask if there is
a characterization of C,-face-magic projective labelings on P,, ,, when m > 2 and n > 2 are even
integers. By Lemma 2.2, the C;-face-magic value of such a labeling is 2mn + 2.

Problem 1. Let m > 2 and n > 2 be even integers. Find a characterization of the Cy-face-magic
projective labelings on Py, ,,.

Curran and Locke [10] have characterized the C'y-face-magic projective labelings on the 4 x 4
projective grid graph P, 4. They show that there are 144 C4-face-magic projective labelings on
P44 up to symmetries on the projective plane.
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